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set IF (X) of all intuitionistic fuzzy subsets on a universe X can be equipped with a structure of
involutive θ-valued Lukasiewicz-Moisil algebra. Conversely, we show that every involutive θ-valued
Lukasiewicz-Moisil algebra can be embedded into an algebra of intuitionistic fuzzy subsets.

RÉSUMÉ. Dans ce travail nous introduisons les notions des α−coupes et des α−coupes strictes
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1. Introduction

In 1941 [11], Moisil introduced the notion of Lukasiewicz-Moisil algebra under the
name Lukasiewician algebras, as an algebraic counterpart of the Lukasiewicz many-
valued logics. The theory of Lukasiewicz-Moisil algebras has been developed both as
a tool for studying certain non-classical logics and as an algebraic theory having its own
interest ; besides, now it is considered as one of the fundamental formalizations of fuzzy
logic. For more details the reader is referred e.g. to [7, 8, 13, 14, 15].

After the introduction of the concept of fuzzy sets by Zadeh [21] in 1965, several
mathematicians introduced and studied fuzzy substructures of many algebraic structures.
For example, Negoita and Ralescu [16] introduced the notion of cuts of a fuzzy subset.
Moisil [15] used these cuts and proving that the set of all fuzzy subsets over the universe
of discourseX can be equipped with a structure ofθ-valued Lukasiewicz-Moisil alge-
bra. Conversely, Ponasse [17] proved that everyθ-valued Lukasiewicz-Moisil algebra
can be embedded in an algebra of fuzzy subsets. In [17] Ponasse has also studied the
representability of involutiveθ-valued Lukasiewicz-Moisil algebra as an algebra of fuzzy
subsets equipped with an order-reversing involution. This problem was also investigated
in [1, 9, 10, 18].

In another direction, Atanassov [2, 5] introduced another fuzzy object, called intu-
itionistic fuzzy subset (briefly IFS) as a generalization of the concept of fuzzy subset.
Certainly fuzzy subsets are intuitionistic fuzzy subsets but not conversely.

As outlined in [3, 6], fuzzy subset theory is not appropriate to deal with such prob-
lems; rather IFS theory is more suitable. The problems which are dealt with fuzzy subset
theory can be well dealt with IFS theory. In the present paper, we give an application
of IFSs in the theory of Lukasiewicz-Moisil algebras. Specifically, we prove that ev-
ery involutiveθ-valued Lukasiewicz-Moisil algebra can be embedded into an algebra of
intuitionistic fuzzy subsets. Also the setIF (X) of all intuitionistic fuzzy subsets on a uni-
verseX represents the involutiveθ-valued Lukasiewicz-Moisil algebra can be equipped
with a structure of involutiveθ-valued Lukasiewicz-Moisil algebra. In order to give this
representation theorems, we introduce the notions of intuitionistic weakα−cut and intu-
itionistic strongα−cut of intuitionistic fuzzy subset on a universeX.

In Section 2, we recall the notions of an involutiveθ-valued Lukasiewicz-Moisil alge-
bra [12, 13, 14] and give some notations, definitions and results on which our work in this
paper is based. Afterwards, we do the same with the intuitionistic fuzzy subsets. We end
this section by introducing the intuitionistic weakα−cut and intuitionistic strongα−cut
of IFS on a universeX. Section 3 describes our main results.

Notation. Throughout this paperJ stands for a complete closed chain with order type
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θ, 1 as a largest element,0 as the least one and unary, involutive, order-reversing operator
n. We note by:

J0 = J − {0} , J1 = J − {1} and J01 = J − {0, 1} .

2. Preliminaries

In this section, we give some notations, definitions and results on which our work in
this paper is based.

2.1. Lukasiewicz-Moisil algebra

Definition 1 (Moisil [13, 14]) An involutiveθ−valued Lukasiewicz-Moisil algebra or
simply an involutiveL−Mθ algebra for short is a 5-tuple(L, J, (ϕα)α∈J0 , (Ψα)α∈J1 , N),
where:

1) (L,∨,∧, 0, 1) is a distributive lattice with a smallest element0 and a greatest element
1, (C(L) is the Boolean sublattice of complemented elements ofL);
2) N is an order reversing involution inL satisfying for allx ∈ C(L),
N(x) = x̄, (x̄ is the complement element ofx) ;
3) (ϕα)α∈J0 is a family of morphismsL −→ C(L) in which the following properties are
fulfilled : ∀α, β ∈ J0:

(i) ϕα(0) = 0 andϕα(1) = 1
(ii) If α ≤ β thenϕβ ≤ ϕα

(iii) ϕα ◦ ϕβ = ϕβ

(iv) If ϕα(x) = ϕα(y) for all α ∈ J0 thenx = y (Moisil’s determination principle);
4) (Ψα)α∈J1 is a family of morphismsL −→ C(L) in which the following properties are
fulfilled :

(i) Ψα ≤ ϕα, for all α ∈ J01

(ii) ϕαN = NΨnα, for all α ∈ J0

We note that 3-ii, 4-i and 4-ii implyΨβ ≤ Ψα, for all 0≤ α < β < 1

We use the same symbols≤, 0, 1 for the partial order, least and greatest elements of
J , respectively, and for those of the algebraL. We shall freely notex ≤ y or y ≥ x in the
sequel.

Example 1 Let (B,∧,∨, 0, 1) be a boolean algebra. The set

D(B) = {f/f : J −→ B, i ≤ j ⇒ f(j) ≤ f(i)}
of all decreasing functions fromJ to B can be made into an involutiveL −Mθ algebra
where the operations of the lattice(D(B),∧,∨, 0, 1) are defined for alli ∈ J by
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(f ∧ g)(i) = f(i) ∧ g(i)
(f ∨ g)(i) = f(i) ∨ g(i)
0(i) = 0 , 1(i) = 1

and
(ϕαf)(i) = f(nα), for all α ∈ J0

(Ψαf)(i) = f(nα), for all α ∈ J1

(Nf)(i) = f(ni).

Definition 2 A filter of a lattice(L,∨,∧, 0, 1) is a nonempty subsetF of L such that:
(i) If x, y ∈ F , then x ∧ y ∈ F
(ii) If x ∈ F andx ≤ y, theny ∈ F .

A filter F of L is called proper filtre if it does not contains 0.

Definition 3 LetL be a lattice andU a proper filter inL . ThenU is said to be a maximal
filter (more usually known as an ultrafilter) if the only filter properly containingU is L.

We will need the following Theorem and Lemma.

Theorem 1 (see [19], Theorem 1)

LetB be a Boolean algebra andX be the set of its ultrafilters. Then,B is isomorphic
toP(X), the embedding monomorphism being given byσ(x) = {U ∈ X / x ∈ U}.

Lemma 1 (see [10], Lemma 3.2)

Let (L, J, (ϕα)α∈J0 , (Ψα)α∈J1 , N) be an involutiveL−Mθ algebra. Then

(Ψβ ≥ ϕα, for all 0 < β < α < 1)

Definition 4 Two involutiveL−Mθ algebras(L, J, (ϕα)α∈J0 , (Ψα)α∈J1 , N) and(
L′, J, (ϕ′α)α∈J0 , (Ψ′α)α∈J1 , N

′
)

are said to be homomorphic if there exists a morphism

f : L −→ L′, such that:

(i) f ◦ ϕα = ϕ′α ◦ f , for all α ∈ J0;

(ii) f ◦N=N ′ ◦ f .
If f is a monomorphism, we say thatL can be embedded intoL′.

We note that (i) and (ii) impliesf ◦Ψα = Ψ′α ◦ f ,∀α ∈ J1.
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2.2. Intuitionistic fuzzy subsets

From what was explained above, the aim of this paper is the elaboration of a represen-
tation theory of involutiveθ-valued Lukasiewicz-Moisil algebras, the concept of intuition-
istic fuzzy subsets playing the role that the notion of field of sets plays for the representa-
tion of Boolean algebras. To provide this representation, we recall the intuitionistic fuzzy
subset on a universeX as an object of the formA = {〈x, µA(x), νA (x)〉 / x ∈ X},
whereµA(x) ∈ J is called the degree of membership ofx in A, νA (x) ∈ J is called the
degree of non-membership ofx in A and satisfy the following condition:

µA(x) ≤ nνA(x), for all x ∈ X.

The class of intuitionistic fuzzy subsets (briefly IFSs) on a universeX will be denoted
by IF (X) .

For every two IFSsA andB several operations are defined (see [3, 4, 5, 20]). Here
we shall present only those which are related to the present paper:

An intuitionistic fuzzy subsetA defined in the universeX is empty if

µA(x) = 0 andνA(x) = 1, for all x ∈ X.

If A,B ∈ IF (X), A is an intuitionistic fuzzy subset ofB if

µA(x) ≤ µB(x) and νA(x) ≥ νB(x), for all x ∈ X.

A, B are equal intuitionistic fuzzy subsets if

µA(x) = µB(x) and νA(x) = νB(x), for all x ∈ X.

The union and the intersection are defined as follows:

A ∪B = {〈x, sup(µA(x), µB(x)), inf(νA(x), νB(x))〉 / x ∈ X}.
A ∩B = {〈x, inf(µA(x), µB(x)), sup(νA(x), νB(x))〉 / x ∈ X}.

Example 2 Let X = {1, 2, 3, 4, 5} and J be the real interval[0, 1] equipped with an
order-reversing involutionn defined for allα ∈ J by nα = 1 − α. Thus, the following
subsets

A = {〈1, 0.2, 0.6〉 〈2, 0.3, 0.6〉 〈3, 0.5, 0.5〉 〈4, 0.5, 0.3〉 〈5, 0.9, 0.1〉} and

B = {〈1, 0.6, 0.2〉 〈2, 0.8, 0.2〉 〈3, 0.8, 0.1〉 〈4, 0.9, 0.1〉 〈5, 1, 0〉}
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are intuitionistic fuzzy subsets on the universeX.

A ∪B = {〈1, 0.6, 0.2〉 〈2, 0.8, 0.2〉 〈3, 0.8, 0.1〉 〈4, 0.9, 0.1〉 〈5, 1, 0〉},
A ∩B = {〈1, 0.2, 0.6〉 〈2, 0.3, 0.6〉 〈3, 0.5, 0.5〉 〈4, 0.5, 0.3〉 〈5, 0.9, 0.1〉}.

The structure(IF (X),∪,∩) of all intuitionistic fuzzy subsets is a distributive lat-
tice with a smallest element∅ and greatest elementX. SinceJ is equipped with an
unary, involutive, order-reversing operatorn, the intuitionistic fuzzy complementation is
the order-reversing involutioñn on IF (X) defined, for allA ∈ IF (X) by:

ñ(A) = {〈x, µñA(x), νñA(x)〉 / x ∈ X} = {〈x, nµA(x), nνA(x)〉 / x ∈ X}.

To show that the setIF (X) of all intuitionistic fuzzy subsets overX admits a structure
of involutive θ-valued L-M algebra, we define, for eachα ∈ J0, the intuitionistic weak
α−cut as a mappingNα : IF (X) → P(X) defined by:

Nα(A) = {x ∈ X / µA(x) ≥ α and νA(x) ≤ nα}

and for eachα ∈ J1, the intuitionistic strongα−cut as a mappingN ′
α : IF (X) → P(X)

defined by:

N ′
α(A) = {x ∈ X / µA(x) > α and νA(x) < nα}.

3. Representation theorems

In this section, we will present the relationships between the involutiveL−Mθ algebra
and algebra ofIFSs. But, we prove the two following lemmas which are the key results
of our paper.

Lemma 2 The families of maps
(
Nα / α ∈ J0

)
and

(
N
′
α / α ∈ J1

)
satisfy the follow-

ing conditions:
a) Nα(∅) = ∅, Nα(X) = X.
b) If α ≤ β thenNβ ≤ Nα.
c) Nα ◦Nβ = Nβ .
d) If A,B ∈ IF (X) and for everyα ∈ J0, Nα(A) = Nα(B), thenA = B (Moisil’s

determination principle).
e)N ′

α ≤ Nα, for all α ∈ J01.
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f) If for all A ∈ IF (X), (µA(x) = nνA(x), for all x ∈ X) thenNαñ = ñN ′
nα for

all α ∈ J0.

Proof. a)

Nα(∅) = {x ∈ X / µ∅(x) ≥ α and ν∅(x) ≤ nα}
= {x ∈ X / 0 ≥ α and 1 ≤ nα} = ∅.

Nα(X) = {x ∈ X / µX(x) ≥ α and νX(x) ≤ nα}
= {x ∈ X / 1 ≥ α and 0 ≤ nα} = X.

b) Letα, β ∈ J0 such thatα ≤ β. Then we have

Nβ(A) = {x ∈ X / µA(x) ≥ β and νA(x) ≤ nβ}
⊆ {x ∈ X / µA(x) ≥ α and νA(x) ≤ nα}.

Hence,Nβ ≤ Nα.

c) Nα ◦Nβ(A) = Nα(Nβ(A)) = Nβ(A) becauseNβ(A) ∈ P (X).

d) If Nα(A) = Nα(B) for all α ∈ J0, then

{x ∈ X / µA(x) ≥ α and νA(x) ≤ nα} = {x ∈ X / µB(x) ≥ α and νB(x) ≤ nα},

for all α ∈ J0. ConsequentlyµA(x) = µB(x) andνA (x) = νB (x), for all x ∈ X.

Therefore,A = B.

e)

N ′
α(A) = {x ∈ X / µA(x) > α and νA(x) < nα}

⊆ {x ∈ X / µA(x) ≥ α and νA(x) ≤ nα} = Nα(A).

Hence,N ′
α ≤ Nα, for all α ∈ J01 .
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f)

Nαñ(A) = {x ∈ X / µñA(x) ≥ α and νñA(x) ≤ nα}
= {x ∈ X / nµA(x) ≥ α and nνA(x) ≤ nα}
= {x ∈ X / µA(x) ≤ nα and νA(x) ≥ α}.

Since(µA(x) = nνA(x), for all x ∈ X), then

Nαñ(A) = {x ∈ X / µA(x) ≤ nα}
= {x ∈ X / µA(x) > nα},

where
{x ∈ X / µA(x) > nα} = X − {x ∈ X / µA(x) ≤ nα}.

From the fact that: ifA ∈ P(X), ñ(A) = Ā (Ā = X −A), it is easy to see that:

Nαñ(A) = N ′
nα(A)

= ñN ′
nα(A), ∀α ∈ J0.

For any sublatticeF of IF (X), containing∅ andX, closed under the intuitionistic fuzzy
complementatioñn, closed under the intuitionistic weakα−cut Nα, for all α ∈ J0 and
under the intuitionistic strongα−cutN ′

α, for all α ∈ J1, the sequence(F, J, (Nα)α∈J0 , (N ′
α)α∈J1 , ñ)

is called an involutiveθ-valued intuitionistic fuzzy algebra.

Lemma 3 Let (L, J, (ϕα)α∈J0 , (Ψα)α∈J1 , N) be an involutiveL −Mθ algebra andU
be a proper filter. Then

sup{α ∈ J0 / ϕα(x) ∈ U} = sup{β ∈ J1 / Ψβ(x) ∈ U}, for all x ∈ L.

Proof. Let beα ∈ J0 andβ ∈ J1, sinceJ is a totaly ordered set, we have that either
α ≤ β or α > β. On the one hand, ifα ≤ β, thenΨβ ≤ Ψα ≤ ϕα. Thus, ifΨβ(x) ∈ U
thenϕα(x) ∈ U , for all x ∈ L. Hence,

sup{β ∈ J1 / Ψβ(x) ∈ U} ≥ sup{α ∈ J0 / ϕα(x) ∈ U} [1]

On the other hand, ifα > β, then from the inequality(Ψβ ≥ ϕα, for all 0 < β <
α < 1) given by Lemma 1 it follows that for allx ∈ L, ϕα(x) ∈ U impliesΨβ(x) ∈ U .
Hence,

sup{β ∈ J1 / Ψβ(x) ∈ U} ≤ sup{α ∈ J0 / ϕα(x) ∈ U} for all x ∈ L [2]
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It is clear from (1) and (2) that:

sup{α ∈ J0 / ϕα(x) ∈ U} = sup{β ∈ J1 / Ψβ(x) ∈ U}.

Theorem 2 Every involutiveθ-valued intuitionistic fuzzy algebra(F, J, (Nα)α∈J0 , (N
′
α)α∈J1 , ñ)

satisfying: For allA ∈ F ,(µA(x) = nνA(x), for all x ∈ X) is an involutiveθ-valued
Lukasiewicz-Moisil algebra.

Proof. Easily follows from Lemma 2.

Theorem 3 Every involutiveL − Mθ algebra (L, J, (ϕα)α∈J0 , (Ψα)α∈J1 , N) can be
embedded in an algebra of the form(IF (X), J, (Nα)α∈J0 , (N ′

α)α∈J1 , ñ), whereX is
the set of ultrafilters ofC(L).

Proof. Let f : L −→ IF (X) be the mapping defined, for allx ∈ L by:

f(x) = {〈U , µf(x)(U) , νf(x)(U)
〉

/ U ∈ X}
where∀ U ∈ X,

µf(x)(U) = sup{α ∈ J0 / ϕα(x) ∈ U}
and

νf(x) (U) = n sup
{
α ∈ J0 / ϕα(x) ∈ U

}
= nµf(x)(U).

SinceJ is a complete chain, we obtain that bothµf(x)(U) and νf(x)(U) ∈ J. Also,
µf(x)(U) = nνf(x)(U), ∀ U ∈ X implies that(F (L), J, (Nα)α∈J0 , (N ′

α)α∈J1 , ñ) is
an involutiveL−Mθ algebra.

Now we prove thatf is a monomorphism of involutiveL−Mθ algebras.

f(0) = {〈U , µf(0)(U) , νf(0)(U)
〉

/ U ∈ X} such that:

µf(0)(U) = sup{α ∈ J0 / ϕα(0) ∈ U}
= sup{α ∈ J0 / 0 ∈ U}
= sup{∅} = 0,

and
νf(0)(U) = nµf(0)(U) = n0 = 1.

Hence,f(0) = ∅.

f(1) = {〈U , µf(1)(U) , νf(1)(U)
〉

/ U ∈ X} such that:
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µf(1)(U) = sup{α ∈ J0 / ϕα(1) ∈ U}
= sup{α ∈ J0 / 1 ∈ U}
= sup{J0} = 1,

and
νf(1) (U) = nµf(1)(U) = n1 = 0.

Hence,f(1) = X.

f (x ∨ y) =
{〈

U , µf(x∨y)(U) , νf(x∨y) (U)
〉

/ U ∈ X
}

such that:

µf(x∨y)(U) = sup{α ∈ J0 / ϕα(x ∨ y) ∈ U}
= sup{α ∈ J0 / ϕα(x) ∨ ϕα(y) ∈ U}
= sup{α ∈ J0 / ϕα(x) ∈ U ∨ ϕα(y) ∈ U}
= sup{α ∈ J0 / ϕα(x) ∈ U} ∨ sup{α ∈ J0 / ϕα(y) ∈ U}
= µf(x)(U) ∨ µf(y)(U),

and

νf(x∨y)(U) = nµf(x∨y)(U)

= n(µf(x)(U) ∨ µf(y)(U))

= nµf(x)(U) ∧ nµf(y)(U)

= νf(x)(U) ∧ νf(y)(U).

Hence,f(x ∨ y) = f(x) ∪ f(y).

Similarly, f(x ∧ y) = f(x) ∩ f(y).

f is injective since forx, y ∈ L holdsf(x) = f(x), then∀ U ∈ X,

{〈U , µf(x)(U) , νf(x)(U)
〉

/ U ∈ X} = {〈U , µf(y)(U) , νf(y)(U)
〉

/ U ∈ X}

According to the definition of equal intuitionistic fuzzy subsets we obtain:

µf(x)(U) = µf(y)(U) and νf(x)(U) = νf(y)(U).
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Thus,

sup{α ∈ J0 / ϕα(x) ∈ U} = sup{α ∈ J0 / ϕα(y) ∈ U}.

This implies that:

{α ∈ J0 / ϕα(x) ∈ U} = {α ∈ J0 / ϕα(y) ∈ U}.

Hence, for allα ∈ J0, ϕα(x) ∈ U iff ϕα(y) ∈ U . Consequently

{U ∈ X / ϕα(x) ∈ U} = {U ∈ X / ϕα(y) ∈ U}.

Applying Theorem 1 yieldsϕα(x) = ϕα(y) for all α ∈ J0, and thenx = y (Moisil’s
determination principle).

Hence,f is a lattice monomorphism.

The next step is to show thatf ◦ ϕα = Nα ◦ f , for all α ∈ J0 andf ◦N=ñ ◦ f .

1) f ◦ ϕα = Nα ◦ f ,

f ◦ ϕα(x) = f(ϕα(x))

= {〈U , µf(ϕα(x))(U) , νf(ϕα(x))(U)
〉

/ U ∈ X}
such that:

µf(ϕα(x))(U) = sup{β ∈ J0 / ϕβ(ϕα(x)) ∈ U}
= sup

{
β ∈ J0 / ϕα (x) ∈ U}

= { 0 , if ϕα(x) /∈ U
1 , otherwise

and

νf(ϕα(x))(U) = nµf(ϕα(x))(U)

=
{

1 , ifϕα (x) /∈ U
0 , otherwise

Therefore,

f ◦ ϕα(x) = { ∅ , ifϕα(x) /∈ U
X , otherwise

= σ(ϕα(x)).
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Nα ◦ f(x) = Nα(f(x))

= {U ∈ X / µf(x)(U) ≥ α and νf(x)(U) ≤ nα}
= {U ∈ X / α ∈ {β ∈ J0 / ϕβ(x) ∈ U}}
= {U ∈ X / ϕα(x) ∈ U}
= σ(ϕα(x))

Hence,f ◦ ϕα = Nα ◦ f .

2) We prove thatf ◦N=ñ ◦ f . However, before doing this we need to show that

sup{α ∈ J0 / Ψnα(x) /∈ U} = n sup{α ∈ J1 / Ψα(x) ∈ U}. [3]

Suppose thatsup{α ∈ J0 / Ψnα(x) /∈ U} 6= n sup{α ∈ J1 / Ψα(x) ∈ U},
then there existsα ∈ {α ∈ J0 / Ψnα(x) /∈ U} in which α < nλ or α > nλ such
that λ = sup{α ∈ J1 / Ψα(x) ∈ U}. Moreover,nα ≥ λ or nα ≤ λ implies that
Ψnα(x) ≤ Ψλ(x) or Ψnα(x) ≥ Ψλ(x). Hence,Ψλ(x) /∈ U or Ψnα(x) ∈ U , which is
contracting with the hypothesis.

Now for allx ∈ L, f ◦N(x) = f(Nx) = {〈U , µf(Nx)(U) , νf(Nx)(U)
〉

/ U ∈ X}
where∀ U ∈ X,

µf(Nx)(U) = sup{α ∈ J0 / ϕα(Nx) ∈ U},
by Definition 1(4-ii) we have:

µf(Nx)(U) = sup{α ∈ J0 / NΨnα(x) ∈ U} = sup{α ∈ J0 / Ψnα(x) /∈ U}

From the equality (3) given above we obtain for allx ∈ L,

µf(Nx)(U) = n sup{α ∈ J1 / Ψα(x) ∈ U}.

We know by Lemma 3 that

sup{α ∈ J1 / Ψα(x) ∈ U} = sup{α ∈ J0 / ϕα(x) ∈ U}.
Therefore,

µf(Nx)(U) = n sup{α ∈ J0 / ϕα(x) ∈ U}
= nµf(x)(U).
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Moreover,
νf(Nx)(U) = nµf(Nx)(U) = nnµf(x)(U) = nνf(x)(U).

Then

f ◦N(x) = {〈U , nµf(x)(U) , nνf(x)(U)
〉

/ U ∈ X}
= {〈U , µñf(x)(U) , νñf(x)(U)

〉
/ U ∈ X}

= ñ(f(x))

Hence

f ◦N = ñ ◦ f.

4. Conclusion

In this paper, we have found under the condition thatJ is a complete chain, every
involutive θ−valued Lukasiewicz-Moisil algebra(L, J, (ϕα)α∈J0 , (Ψα)α∈J1 , N) can be
embedded in an algebra of intuitionistic fuzzy subsets on a universeX, whereX is the
set of ultrafilters ofC(L).

Our future objective in this field is to develop a propositional logic in which the re-
sults can be used to obtain a completeness theorem for propositional many-valued calculi
whose algebraic models are this kind of Lukasiewicz-Moisil algebras.
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