On the representation of L-M algebra by
intuitionistic fuzzy subsets

Sur la représentation d’algebre de M-L par des
sous-ensembles flous intuitionnistes

Zedam Lemnaouar and Amroune Abdelaziz

Laboratory of Pure and Applied Mathematics,
M'sila University,

P.O. Box 166 Ichbilia, M’sila 28105,

Algeria.

Izedam@yahoo.fr and aamrounedz@yahoo.fr

ABSTRACT. In this paper, we introduce the notions of intuitionistic weak a—cut and intuitionistic
strong a—cut of intuitionistic fuzzy subset on a universe X. These notions lead us to show that the
set [F(X) of all intuitionistic fuzzy subsets on a universe X can be equipped with a structure of
involutive 6-valued Lukasiewicz-Moisil algebra. Conversely, we show that every involutive 6-valued
Lukasiewicz-Moisil algebra can be embedded into an algebra of intuitionistic fuzzy subsets.

RESUME. Dans ce travail nous introduisons les notions des a—coupes et des a—coupes strictes
d’un sous-ensemble flou intuitionniste d’un référentiel X. A I'aide de ces notions, nous montrons que
I'ensemble IF(X) des sous-ensembles flous intuitionnistes d'un référentiel X admet une structure
d’algebre de Moisil-Eukasiewicz 6-valente involutive. Réciproquemet, nous démontrons que toute al-
gebre de Moisil-£Eukasiewicz 6-valentes involutive se plonge dans une algébre des sous-ensembles
flous intuitionnistes involutives.
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1. Introduction

In 1941 [11], Moisil introduced the notion of Lukasiewicz-Moisil algebra under the
name Lukasiewician algebras, as an algebraic counterpart of the Lukasiewicz many-
valued logics. The theory of Lukasiewicz-Moisil algebras has been developed both as
a tool for studying certain non-classical logics and as an algebraic theory having its own
interest ; besides, now it is considered as one of the fundamental formalizations of fuzzy
logic. For more details the reader is referred e.g. to [7, 8, 13, 14, 15].

After the introduction of the concept of fuzzy sets by Zadeh [21] in 1965, several
mathematicians introduced and studied fuzzy substructures of many algebraic structures.
For example, Negoita and Ralescu [16] introduced the notion of cuts of a fuzzy subset.
Moisil [15] used these cuts and proving that the set of all fuzzy subsets over the universe
of discourseX can be equipped with a structure ®¥alued Lukasiewicz-Moisil alge-
bra. Conversely, Ponasse [17] proved that evemalued Lukasiewicz-Moisil algebra
can be embedded in an algebra of fuzzy subsets. In [17] Ponasse has also studied the
representability of involutivé-valued Lukasiewicz-Moisil algebra as an algebra of fuzzy
subsets equipped with an order-reversing involution. This problem was also investigated
in[1, 9, 10, 18].

In another direction, Atanassov [2, 5] introduced another fuzzy object, called intu-
itionistic fuzzy subset (briefly IFS) as a generalization of the concept of fuzzy subset.
Certainly fuzzy subsets are intuitionistic fuzzy subsets but not conversely.

As outlined in [3, 6], fuzzy subset theory is not appropriate to deal with such prob-
lems; rather IFS theory is more suitable. The problems which are dealt with fuzzy subset
theory can be well dealt with IFS theory. In the present paper, we give an application
of IFSs in the theory of Lukasiewicz-Moisil algebras. Specifically, we prove that ev-
ery involutive#-valued Lukasiewicz-Moisil algebra can be embedded into an algebra of
intuitionistic fuzzy subsets. Also the sBF'(X) of all intuitionistic fuzzy subsets on a uni-
verseX represents the involutive-valued Lukasiewicz-Moisil algebra can be equipped
with a structure of involutivé-valued Lukasiewicz-Moisil algebra. In order to give this
representation theorems, we introduce the notions of intuitionistic weadut and intu-
itionistic stronga—cut of intuitionistic fuzzy subset on a univerae

In Section 2, we recall the notions of an involutvalued Lukasiewicz-Moisil alge-
bra[12, 13, 14] and give some notations, definitions and results on which our work in this
paper is based. Afterwards, we do the same with the intuitionistic fuzzy subsets. We end
this section by introducing the intuitionistic weak-cut and intuitionistic strong—cut
of IFS on a universe& . Section 3 describes our main results.

Notation. Throughout this papey stands for a complete closed chain with order type
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0, 1 as a largest elemerit,as the least one and unary, involutive, order-reversing operator
n. We note by:

JO=J—{0},J =T {1} and J*' =J—{0,1}.

2. Preliminaries

In this section, we give some notations, definitions and results on which our work in
this paper is based.

2.1. Lukasiewicz-Moisil algebra

Definition 1 (Moisil [13, 14]) An involutived—valued Lukasiewicz-Moisil algebra or
simply an involutivd.— My algebra for shortis a 5-tupléL, J, (¢a)acio, (Va)acsr, N),
where:

1) (L, V, A,0,1) is a distributive lattice with a smallest eleméhand a greatest element
1, (C(L) is the Boolean sublattice of complemented elements;of
2) N is an order reversing involution i satisfying for allz € C(L),
N(z) = z, (z is the complement elementxf;
3) (¢a)ac.o is a family of morphism& — C(L) in which the following properties are
fulfilled : Vo, 8 € J°:

() pa(0) =0andpqa(1) =1

(i) If o < Bthenpg < @4

(i) ¢o 0 05 = 95

(iv) If po(7) = a(y) for all a € JO thenz = y (Moisil's determination principle);
4) (U4,)qe s is a family of morphismé& — C/(L) in which the following properties are
fulfilled :

() Uy < 0u, forall v € JO!

(i) oo N = NV, forall o € J°

We note that 3-ii, 4-i and 4-ii implf 3 < ¥, forall 0<a< g <1

We use the same symbots 0, 1 for the partial order, least and greatest elements of
J, respectively, and for those of the algetirawe shall freely note: < y ory > z in the
sequel.

Example 1 Let(B, A, V,0,1) be a boolean algebra. The set
DB)={f/f:J— B,i<j= f(j) < f(i)}

of all decreasing functions fronk to B can be made into an involutive — M, algebra
where the operations of the latti¢®(B), A, V, 0, 1) are defined for ali € J by
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(F N g)(@) = f(i) Ag(i)
(f Vg)(i) = f(i) vV g(i)
0(i) =0, 1(i) = 1

and
(paf)(@) = f(na), forall a € J°
(o f)(@) = f(na), forall a € J!
(N f)(i) = f(ni)

Definition 2 A filter of a lattice(L, v, A, 0, 1) is a nonempty subsét of L such that:
(i) fz,ye F,thenz Ay e F
(i) If z € Fandx <y, theny € F.

Afilter F' of L is called proper filtre if it does not contains O.

Definition 3 Let L be a lattice and/ a proper filter inL . ThenU is said to be a maximal
filter (more usually known as an ultrafilter) if the only filter properly containings L.

We will need the following Theorem and Lemma.

Theorem 1 (see [19], Theorem 1)

Let B be a Boolean algebra and be the set of its ultrafilters. The, is isomorphic
to P(X), the embedding monomorphism being givemby) = {U € X / z € U}.

Lemma 1 (see [10], Lemma 3.2)
Let(L, J, (¢a)actos (Ya)acsr, N) be an involutivel, — M, algebra. Then

(g > ¢q, forall 0 < f<a<l)

Definition 4 Two involutiveL — My algebras(L, J, (¢a)acs0, (Ya)acs1, N) and
(L’, J (@) acgos (W) aest, N’) are said to be homomorphic if there exists a morphism
f: L — L', such that:
(i) fowpa =, of, foralacJ
(i) foN=N'of.
If fis a monomorphism, we say thatcan be embedded intt'.

We note that (i) and (ii) implieg o ¥, = ¥/ o f Va € J'.
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2.2. Intuitionistic fuzzy subsets

From what was explained above, the aim of this paper is the elaboration of a represen-
tation theory of involutiveéd-valued Lukasiewicz-Moisil algebras, the concept of intuition-
istic fuzzy subsets playing the role that the notion of field of sets plays for the representa-
tion of Boolean algebras. To provide this representation, we recall the intuitionistic fuzzy
subset on a univers¥ as an object of the forml = {(z, pa(z), va (z)) /2 € X},
wherep 4 (z) € J is called the degree of membershipoi A, v4 (z) € J is called the
degree of non-membership ofin A and satisfy the following condition:

pa(z) <nva(zx), forallz € X.

The class of intuitionistic fuzzy subsets (briefly IFSs) on a univéfseill be denoted
by IF(X) .

For every two IFSsA and B several operations are defined (see [3, 4, 5, 20]). Here
we shall present only those which are related to the present paper:

An intuitionistic fuzzy subsefl defined in the universg is empty if
na(z) =0andvy(x) =1, forallz € X.
If A, B € IF(X), Ais an intuitionistic fuzzy subset dB if

pa(z) < pp(x)and va(z) > vp(x), forallz € X.

A, B are equal intuitionistic fuzzy subsets if

pa(z) = pp(x)and va(z) = vp(x), forallz € X.

The union and the intersection are defined as follows:

AU B = {(z, sup(pa(z), pp(x)),inf(va(z),vp(z))) /= € X}.
ANB = {(z,inf(pa(z), up()), sup(va(z),vp(z))) / v € X}

Example 2 Let X = {1,2,3,4,5} and J be the real interval0, 1] equipped with an
order-reversing involutiom defined for alle € J by na = 1 — «. Thus, the following
subsets

A = {(1,0.2,0.6) (2,0.3,0.6) (3,0.5,0.5) (4,0.5,0.3) (5,0.9,0.1)} and

B ={(1,0.6,0.2) (2,0.8,0.2) (3,0.8,0.1) (4,0.9,0.1) (5,1,0)}
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are intuitionistic fuzzy subsets on the univeiSe

AUB = {(1,0.6,0.2) (2,0.8,0.2) (3,0.8,0.1) (4,0.9,0.1) (5, 1,0},
AN B ={(1,0.2,0.6) (2,0.3,0.6) (3,0.5,0.5) (4,0.5,0.3) (5,0.9,0.1)}.

The structure(1F(X),U,N) of all intuitionistic fuzzy subsets is a distributive lat-
tice with a smallest elemerft and greatest elemer. SinceJ is equipped with an
unary, involutive, order-reversing operatarthe intuitionistic fuzzy complementation is
the order-reversing involutioit on I F'(X) defined, for allA € T F(X) by:

(A) = {(@, paa(x), vaa(e)) [/ x € X} = {(z,npa(x),nva(z)) / =€ X}
To show that the sdtF'( X)) of all intuitionistic fuzzy subsets ove¥ admits a structure

of involutive #-valued L-M algebra, we define, for eache J°, the intuitionistic weak
a—cut as a mappind/,, : IF(X) — P(X) defined by:

No(A)={x € X / pa(z) > a and va(z) < na}

and for eachy € J!, the intuitionistic strongv—cut as a mapping’’, : IF(X) — P(X)
defined by:

N(A)={z € X / palz) >a and va(x) < na}.

3. Representation theorems

In this section, we will present the relationships between the involitivé/, algebra
and algebra of F'Ss. But, we prove the two following lemmas which are the key results
of our paper.

Lemma 2 The families of mapgN, /o € J°) and (Na /a€ Jl) satisfy the follow-
ing conditions:

a) No(0) =0, No(X) = X.

b) If < BthenNg < N,.

C) N, o Nﬁ = Nﬁ.

d)If A, B € IF(X) and for everyn € J°, N,(A) = N,(B), thenA = B (Moisil's
determination principle).

e)N! < N,, forall a € JO,
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fylfforall A € IF(X), (pa(z) = nva(z), forall z € X) thenN,n = AN/, for
all a € J°.

Proof. a)

No0) = {z€X /pup(z)>a and vy(z) < na}t
= {z€X/0>a and 1 <na}=0.

No(X) = {zeX /ux(x)>a and vx(z) < na}
= {reX/1>aand 0<na} =X.

b) Leta, 3 € JO such thair < 3. Then we have

Ng(A) = {zxe X /pualz)>p and va(z) < npb}
C {zeX /ualx)>a and va(z) < na}.

Hence N3 < N,.

€) No 0 N3(A) = Na(Np(A)) = Np(A) becauseVz(A) € P(X).

d) If No(A) = N,(B) forall a € J°, then

{reX /pa(z) >a and va(z) <na} = {reX/upx)>a and vg(x)<na},
forall « € J°. Consequentlyis(z) = pup(z) andva (z) = vp (z), forallz € X.

Therefore, A = B.
e)

N/ (A) = {xe X /palz)>a and va(z) < na}
C {rxeX /palz)>a and va(r) < na} = N,(A4).

Hence N/, < N, foralla € J°.
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Non(A) = {z € X /paa(x) > a andvia(z) < na}
= {ze€X /nua(z) >a and nvy(x) < na}
= {z€X /pualx) <na and va(z) > a}.
Since(pa(z) = nva(zx), forallz € X), then

Non(A) = {x e X [pa(z) <na}

= {ze€ X /pa(z) > na},

where

{reX /pax)>na}=X—{reX /pa(lz) <na}.
From the fact that: ifA € P(X), f(A) = A (A = X — A), itis easy to see that:
Non(A) = Njo(4)
= @aN!(A), Ya e J.

For any sublatticé” of I F'(X), containing) and X, closed under the intuitionistic fuzzy
complementatiom:, closed under the intuitionistic weak—cut N,,, for all « € J° and

under the intuitionistic strong—cut N/, for all e € J*, the sequenc@F, J, (Ny)acjo, (NL)ac s, 1)
is called an involutivéd-valued intuitionistic fuzzy algebra.

Lemma 3 Let (L, J, (¢a)actos (Ta)acsr, N) be an involutivel. — M, algebra andU
be a proper filter. Then

sup{a € J° / po(x) € U} =sup{B € J' | Us(x) € U}, forall z € L.

Proof. Let bea € J® and3 € J', sinceJ is a totaly ordered set, we have that either
a < gora > 3. Ontheone hand, it < 3, then¥g < ¥, < ¢,. Thus, if¥s(z) € U
theny, (z) € U, for all 2 € L. Hence,

sup{B € J' / Us(x) € U} >sup{a € J / po(x) € U} [1]

On the other hand, i& > (3, then from the inequality®s > ¢, forall 0 < § <
a < 1) given by Lemma 1 it follows that for alt € L, p,(x) € U implies¥g(z) € U.
Hence,

sup{B € J' / Vs(x) €U} <sup{a € J° / po(x) €U} forall x€ L  [2]
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Itis clear from (1) and (2) that:
sup{a € J / po(x) € U} =sup{p € J' / Vs(x) € U}.
Theorem 2 Every involutivéd-valued intuitionistic fuzzy algebi@’, J, (Ny)ac o, (N;)ae,p,ﬁ)

satisfying: ForallA € F,(ua(z) = nva(x), for all z € X) is an involutived-valued
Lukasiewicz-Moisil algebra.

Proof. Easily follows from Lemma 2.

Theorem 3 Every involutiveL. — My algebra (L, J, (¢a)ac.t0, (Yo )acst, N) can be
embedded in an algebra of the fofthF' (X), J, (Na)acso, (NV,)acsr, ), WhereX is
the set of ultrafilters o (L).

Proof. Let f : L — IF(X) be the mapping defined, for alle L by:

f($) = {<U7 /fff(x)(U) ) Vf(m)(U)> /U € X}

whereV U € X,
15 (U) = sup{a € J° / pq(x) € U}
and
Vi) (U) = nsup{a € J° [ pa(x) €U} = npp)(U).

Since J is a complete chain, we obtain that bqif,)(U) and vy, (U) € J. Also,
pry(U) = nvpq(U), YU € X implies that(F(L), J, (Na)aco, (N})acsr,7) iS
an involutive L — My algebra.

Now we prove thajf is a monomorphism of involutivé — M, algebras.
f0)={U, ppoyU) ., vp0)(U)) /U € X} such that:

pro(U) = supla € IO/ ga(0) € U)
= sup{acJ’/0e€U}
= sup{f} =0,

and
vioy(U) = nppoy(U) = n0 = 1.

Hence,f(0) = 0.

f) ={U, pray(U), vya)(U)) /U € X} such that:
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pray(U) = sup{a e J/pa(1) € U}
= sup{acJ’/1€U}
Sup{']o} = 1a

and
Vf(l) (U) = n,uf(l)(U) =nl= 0

Hence,f(1) = X.

faVy) ={U, upanU), Vi@ (U)) /U € X} such that:

vy (U) = sup{a € J° [ pa(zVy) €U}
) Valy) €U}

= sup{a € J° / p.(z)

= sup{a € J% /pa(z) €U Vu(y) €U}
)
)

(
(
(
= sup{a € J° /¢, (x) € U} vsup{a € J° / vu(y) € U}
= @) (U)V ppy) (U),

and

Viavy)(U) = npigiavy) (U)
= n(lp@)(U)V ppeU))
= ) (U) Anpp) (U)
= Vi) (U) A vy (U).

Hence.f(z Vy) = f(2) U f(y).
Similarly, f(x Ay) = f(x) N f(y).
f is injective since for:,y € L holds f(z) = f(x), thenV U € X,
(U, p)(U) s vpy(U)) JU € X} = U, ppipy(U) s vyy(U)) /U € X}

According to the definition of equal intuitionistic fuzzy subsets we obtain:

1) (U) = 1y (U) and v (U) = vy, (U).
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Thus,

sup{a € J° / pa(2) € U} = sup{a € J° / pa(y) € U}.
This implies that:
{a eJ /QOQ(CU) € U} = {a eJ’ /Soa(y) € U}‘
Hence, for allv € J°, ¢, (z) € U iff v, (y) € U. Consequently
{UEX/‘Pa(x)EU}:{UEX/SOa(y)EU}'

Applying Theorem 1 yields,, (z) = ¢, (y) for all a € J°, and thenr = y (Moisil's
determination principle).

Hence,f is a lattice monomorphism.

The next step is to show thgto ¢, = N, o f,foralla € JY andf o N=n o f.

1)fo(Pa:Naofy

fopa(®) = flpa(r))
= {{U. t5a@nU) s Vipa@n)) /U € X}
such that:
ffoan(U) = sup{B € J°/ps(palz)) € U}
= sup{B€J’/p,(z)EU}
= (0 pal@) EU
1, otherwise
and
Vipa@)(U) = npifpn @) (U)
_ { 1, ifpa(x) ¢U
0, otherwise
Therefore, .
fogalr) ={ (Z)X7 ,Zfﬁ?l“ffgw%sg = 0(¢a(z)).
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Noo f(z) = Na(f(2))
= {UeX /ppa)(U)>a and vig(U) < na}

= {UeX/ae{feJ"/ps(x) € U}}
= {UeX /pu(z)eU}
= o(pa(z))
Hence,f o oo, = Ny o f.
2) We prove thaif o N=n o f. However, before doing this we need to show that

sup{a € JY /U, (z) ¢ U} = nsup{a € J' / U, (x) € U}. [3]

Suppose thatup{a € J° / U, ,(z) ¢ U} # nsup{a € J' / ¥, (z) € U},
then there existar € {a € J° / U, (x) ¢ U} in whicha < n) ora > n\ such
that A\ = sup{a € J! / ¥,(z) € U}. Moreover,na > X or na < X implies that
Upol(z) < Uy(x) or ¥po(x) > Ua(z). Hence, Wy (x) ¢ U or ¥, (x) € U, which is
contracting with the hypothesis.

Nowforallz € L, foN(z) = f(Nz) = {{U , pyna)(U), vpna(U)) /U € X}
whereV U € X,

tr(Na)(U) = sup{a € J° / po(N2z) € U},
by Definition 1(4-ii) we have:
BNz (U) = sup{a € J°/ NV, (x) e U} =sup{a € J° / U, (z) ¢ U}
From the equality (3) given above we obtain forale L,
/jff(Nm)(U) = nsup{a € J! / \I]a(x) € U}
We know by Lemma 3 that
sup{a € J' / U, (z) € U} =sup{a € J° / po(x) € U}.

Therefore,

pina(U) = nsupla € J* [ ga(x) € U}

() (U).
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Moreover,
Vi) (U) = nipva)(U) = nnpipa) (U) = nvpa) (U).
Then
foN(x) = {(U, nppa)(U), nvpe)(U)) /U € X}
= {<U K f(x (U)v Vﬁf(w)(U)> /U € X}
= n(f(z))
Hence
foN=nof

4. Conclusion

In this paper, we have found under the condition tiidas a complete chain, every
involutive §—valued Lukasiewicz-Moisil algebr@., J, (¢4 )ac.jo, (Yo )acsr, N) can be
embedded in an algebra of intuitionistic fuzzy subsets on a univ€rsehere X is the
set of ultrafilters ofC'(L).

Our future objective in this field is to develop a propositional logic in which the re-
sults can be used to obtain a completeness theorem for propositional many-valued calculi
whose algebraic models are this kind of Lukasiewicz-Moisil algebras.
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