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ABSTRACT. In this paper, we present a quite simple recursive method for the construction of the
classical tensor product Hermite spline interpolant fy, ; of a function f defined on Q = [a,b] X [c, d].
We show that f;, ; can be written as a sum of f,_; ;1 and of particular splines that have interesting
properties. As application of this method, we give an algorithm which allows to compress Hermite data.
In order to illustrate our results, some numerical examples are presented.

RESUME. Dans ce travail, nous présentons une méthode simple permettant de construire le produit
tensoriel des interpolants splines d’Hermite f, ; d’une fonction f définie sur Q = [a,b] X [c,d]. Nous
montrons que f;; peut étre écrit comme somme de f,_; ;1 et de quelques fonctions splines qui
vérifient des propriétés intéressantes. Comme application de cette décomposition, nous décrivons un
algorithme qui permet de compresser des données d’Hermite. Pour illustrer nos différents résultats,
nous donnons quelques exemples numériques.
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1. Introduction

LetQ = [a, )] X [c, d] be a bounded domain of the plane andAgt,,, be a rectangular
partition of 2. We denote by’*!(2) the space of functions defined éhsuch that their
mixed derivatives of order + s, 0 < r < kand0 < s < [, are continuous. Let be
given a piecewise functiorfi in C*!(2) except at the knotér;, y;) of A,, ,,, where it is
only of classC*li, k; < k andl; < I. In [9], we have proposed a new method which
smoothes the functiofi at (z;, y;), 0 < i <nand0 < j < m. More specifically, we have
described algorithms allowing to transforfrinto another function which becomes of class
C*! on the whole domaif . Our aim in this paper is to apply this method for computing
recursively the tensor product Hermite spline interpolants, and afterwards to develop an
algorithm for compressing Hermite data used in the construction of these interpolants. In
other words, if the values and the derivatives up to okd@esp.l) of f in the first variable
(resp. second variable) at the knots/®f ,,, are available, then we show that the Hermite

k—11-1 3
spline interpolanyfy,; of f can be decomposed in the fortfy,, = foo+ > > > gt .,

r=0 s=0 t=1
where fy o is the bilinear tensor product interpolant foat the vertices of2, and g,f;’s
are piecewise polynomial functions that satisfy some particular and interesting properties.
However, this fact means thglt , can be considered as correction terms or detail functions.
Then, according to the above decompositiorfiof, it is natural to make a connection with
a multiresolution analysis. In this regard, we achieve compression of data in the standard
way by thresholding out small coefficients of detail functigtig, and we show that this
process leads to the omission of some Hermite data without affecting the smoothness of
the Hermite spline interpolant and sacrificing the quality of approximation.

The paper is organized as follows. In Section 2, we recall the decomposition of univari-
ate Hermite spline interpolants. In Section 3, we give a recursive computation of the tensor
product Hermite spline interpolarfi; ; and we study the properties of the detail functions
gf,)s. Finally, in Section 4, we describe an algorithm allowing to compress Hermite data.
All these results are illustrated with some numerical examples.
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2. Preliminary results

In this section, we recall some results which we will need in what follows. They are
developed in [6] and concern a recursive construction of univariate Hermite interpolants.
Letk € N. Forallp € {0,...,k}, we define the piecewise polynomials; andg,, ; by

(x—x)P [(wigr—x ", .
bp,i(z) = ol " " if x e [x;,241] and0 otherwise.
! i+l — T
6p-,i(x) = (=DP¢pi(xit1 + 25 — ).

It is easy to see that for a fixed ¢, ;,, 0 < p < k, are particular cases of the classical
Bernstein basis of the space of polynomials of degte® + 1 restricted to the subinterval

[Tiy Tita]-
Let fr be the Hermite interpolant to a functighat the knotse;, 0 < i < n, of the
interval [a, b]. According to [6], we have the following result.

Theorem 2.1. Letgx,_1 = fr — frx—1. Then we have the following properties.

(i) gr_1 is a piecewise polynomial of cla€5~! and degre@k +1 on a, b], and satisfies

g7 (z)=0, for 0<r<k—1 and 0<i<n.

(ii) gr_1 can be expressed only in terms of the basis funct}mnsandik,i, 1 <i<n—1,

n—1
ge1(2) = 3 (F6ni(2) + 8, 01i())
=0
k T
wherest = 15 5™ 0 [Pho0) 00w — (1) (57 SO

<k k' a h;ﬂ r —r— r —r— T
andd; = (—1)]“@ » & [(—1) G O @) = G A )(xi)} o hi = @i —w
REMARK. — Using the factthaf, = fr_1+gx_1, We can easily show that the coefficients
5k andgiC can be written in form

8 = f®) (@) — P (@) ands; = fO) (z;) — ™) (27,,). Then, we deduce that
. =
f/g—)1 () = ThE - {(2];;27[) F @) = (=) (R 0 (fﬂiﬂ)} )
T op=0
(k) ( — K ! = hi r (2k—r—1\ £(r) 2k—r—1\ £(r)
kq(% ) = (=1 hE Zg [(—1) ( k—1 )f (wi-1) — ( k )f (l’i)} :
v r=0
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3. Recursive computation of Hermite spline interpolants

LetA, ={a=20<x1 < ... <@y =b}(resp. A, ={c=yo <1 < ... <
ym = d}) be a partition off = [a, b] (resp.J = [¢,d]) and let

Apm ={Rij = [ri,xix1] X [yj,9541], 0<i<n—1 et0<j<m—1}

be a partition of2 = I x J. We denote by

hi =xi41 —x;, h = O<I}1<ai{ hi, hj = yj41 — Y5, h= Oégngag_l hj,
Vk = P§k+1(l, An) = {g S Ck([) : g|[7 i) S P2k+1}7

Vi = Pya(JAn)={gec'()): g, €Pauyi},

j¥j+1]

and byE}, ; the tensor product space defined by
By =VidVi={f: Q= R: f(,y) €Ct(), f(x,.) € C(J )andfi, € Paiioi},

where Bj41,2:+1 is the space of bivariate polynomials of degree2k + 1 in the first
variable and of degre€ 2/ + 1 in the second variable.

Let f; € Ei,; be the tensor product Hermite spline interpolant of a funcfiotefined
onQ, at verticegz;,y;), 0 <4 < nand0 < j < m, of the partitionA,, ,,,. If we denote

DU f = % then it is well known, see [2], thaf.; is uniquely determined by the
following interpolation conditions

D" fo (i, y;) = DT fai,y;), 0<i<n, 0<j<m, 0<r<k 0<s<l
Using the classical Hermite basis functlolzgl rs = Vi @975, (6,5) € {0,...,n} x

{0,....,m}and(r,s) € {0,...,k} x {0,...,1}, of the spacévy, ;, the interpolanff;. ; can
be written in the form

n k l
fkl x y Z ZZ TS)f mﬂyj \I’Qir’s('ray)? (1)

i=0 j=0 r=0 s=0

m

where{yp ;, 0 < r <k, 0 <i < n}(resp.{¢j,;, 0 < s <1, 0<j<m})isthe
classical Hermite basis fdr; (resp.V}).
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In spite of the simplicity of 1), the lack of recursive formulae for computing the basis

functions ;% | |

makes its use rather complicated. In order to remedy this problem, we

present a method based on the results given in [9], which allows to compute recursively

the splinefy ;.

Indeed, with the help of the smoothing algorithms described in [9], we

transform the piecewise bilinear tensor product interpolaritabthe vertices of2 into the
Hermite interpolantf; ; by adding tof, o some appropriate functions. More specifically,

if we put

n—1 m (-1
Ghoria(@y) = ZZZ(&’”%() 857 B1a(@)) Vi1, (v),
i=0 j=0 s=0

ey = 2N (675 6u3(0) + 875 @1,)) ¥i_1a(@),

92—1,1—1(%9) = Z Z [51‘1,]‘,1@,1%,1(33)9251,3’(3/) +5z‘2,j,k,l$k,i(x)¢l,j(y) +

where

and

1
Oi .kl
2

Oi 4 ke

3
07 j ke

i=0 j=0
82 11 Phi (©) 15 (y) + 07 1B () 15 ()]

5?; = DES f(a;y;) — DEIf (2], y),

gi; = D(k’s)f(l“iﬂa Yj) — D(k’s)fkfl,lfl(xi;v Yi);

6:; = D" fay,y;) — D(T’l)fk71,lf1(96my;r)7

3:; = DU f(wi,yj41) = DD fusvia (@i, y54),

= (D““”f(zi, y;) — D™D f (@i yf) — DPD fr_y (2 y))

+D®D i1 (af, yj)) ;

= (D% f(@i ) = DD fraa (@i yf) = DO fi (a7, )

+D(k’”fk_1,z_1(x{+1,y;“)) ;

= (D(k’l)f(xi,yj) - D(k’l)fk,l—l(wi,y{H) — D"V iy (xyy)

+DED oy (2 yj_+1)> ;
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5 ik = (D(k’l)(zi,yj) - D(k’l)fk,Z—l(xi,y]H) - D(k’l)fk—l,l(x;rpyj)

+D(k’l)fk—1,l—1(xi_+1ayj_+1)) .
Then we have the following result.

Theorem 3.1. The Hermite spline interpolant§; ;_1, fz—1,; and f;; can be decomposed
in the form

fei-1 = fe—10-1+ 9%4,171; Je—10= fr—10-1+ 91%71,171;

_ 1 2 3
feg = fe—10-1+ Gec1g—1 + Ge—1-1 + G101

Proof. Letfk,l,l = fr-10-1+ gi—l,z—r Remark tha]fk’l,l can be written in the form

Fra-1 = frovi- 1+Z(5k )r,i(x) + '/(y)$k,i(x))’ where

, —(k ok
5i(y) = l(—)l(l"i,y) - @fk—l,l—l(xjvy)a
k
<k —(k) _
6 (y) = fiii(@iv1,y) — @fk—l,l—l(‘xu»lay))
m -1
and fl 1 xla' ZZD(k S)f xuy]),(/)l 1,5°
7=0 s=0
Using the fact thatey. ;)" (2;) = (¢4.,) " (251) = 6k.r6i, for 0 < r < k, we obtain

ok ~ —(k ok ~ _ —(k
epfeia (@l ) = F @) and S (e, y) = 72 @),

Thus, fri_1(.,y) is of classC* atz;. AS fi_1,-1(,y) € Vi 1, brs and ¢ ;, 0 <
i < n, are functions in B!, (I, A,,), we deduce thafy;_1(.,y) € Vi, for eachy € J.
Consequentl)ﬁ,zq € By 1.

On the other hand, it is easy to verify that

D i (zi,y;) = D) fag,y;), VO<i<n, 0<r <k, 0<j<m, 0<s<I—L.

Then, according to the uniqueness of the Hermite interpolant, wefAQ@Ll = fri-1.1n
the same way, we can prove the decompositiofi.af, ; and fj ;. [ |

For the implementation of the above decomposition method, it is necessary to express
all the coefficients that appear in this decomposition in terms of Hermite data. Then, we
have the following result.
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k
S h: —r— T,8 r —r— 7,8
o = - = (R DO flay) — (<17 (57T DU f (i)
r=0 "
k
<k,s h: T —r— r,s —Tr— T8
51’,]‘ = (*1)16%27 {(*1) (212_1 l) D™ )f($i+17yj) - (2kk l) Dt )f(xmyj)} )
r=0
1
T hs — 8 S —S8— 8
= 2 |G DU f i) = (<17 () DO fan )]
s=0 '
l
<l h; s —5— T8 —5— T8
0i = (_1)1%2% [(—1) () DY fas i) — (7)) D )f(%yj)} ,
s=0
and
! l h; 2l—s—1 k,s 21 l k,s
gkl = ;'T Z S*j, {( )6 = (=) () 6 g+1} .
s=0 "’
1
R _s—]\ ks s _s—1\ ks
0200 = > = [CIT) 8 = (D ()0 )
s=0 "’
l hs S S
By = (IS [0 (B ok - G el
s=0
l
h; s (2l—s—1\ §k:s —s—1\ 5F»
g =05 2 [(—1) (o) 85— (7 l)‘siﬂ-
T s=0

Proof. Using Theorem 2.1, we can prove that

s —k,s—
D) i i(w,y;) = DO fr_y (@, ;) + Z (6k Ori(2) + 05 ¢’”(x))’

DT i (i y) = DO fioy 1 (i, y) + Z (5”4251] +5” 14y ))

DEO g (i y) — DEO f g (xfy) = DPO fr (2, y)

m—1

*D(k’o)fk—l,l—l(fcjvy) =+ Z (6i1,j,k,l b1,5(y) + 5ij,k,l al,j(y)) ;

J=0

D(k’o)fkfl,l(wijrl» y) = D(k’o)fk’lfl (Tig1,9)

m—1

—D(k’o)fk—l,l—l(xi_ﬂvy) + (51'2,,j,k,l ¢l7j(y) + 5?,j,k,l %(y)) )

=0

D®O) £ (i1, ) —
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and the claim follows from the remark given in Section 2. [ |

Now, for giving an error bound betweefy ; and fx_, ;—,, With 0 < u,v < 1 and
(u,v) # (0,0), we need the following result.

[£51]
Lemma 3.3. Assume thaf € C*!(Q). Letc, = Z (50 (%=1 and
r=0
5]
o = Z (‘2 (*:=%71). Then, foro < j < mand0 < s < [ — 1, we have
s=0

s <k,s s
52’; <cpw (D(k’ )f(-ayj)vhi) and §,; <cpw (D(k’ )f(~7yj)ahi> ;
and for0 <i <nand0 <r <k —1we have
(5:; <quw (D(T’l)f(xi, s hj) and 5:; <quw (D(T’l)f(:zci, s hj) .
Moreover, for(i, j) € {0,...,n—1} x {0,...,m — 1}
5 s <200 Q@ (D(’”)f, hi, hj) . te{1,2,3,4), where

w(g, .) is the modulus of continuity @f g € C([a, b]), and

w(DPDf by hy) = sup D@D f(a, B) — D(p’Q)f(o/,ﬁ’)\} ’
[[(c,8)— (' ,B")I<(hi,Fiz)
T(DMyf, hi,h;) = sup {w(D(p"I)f,hi,hj) : (p,q) €{0,...,k} x {O,...,l}}.

Proof. From Proposition 3.2, and using the Taylor expansion®6f*) f(z;11,y;), 0 <
r < k, atz; we obtain

k—1

(55’7; = D(k7s)f(xi7yj) + Z&ﬁTD(T’S)f(l‘i,yj)
r=0

k—1

> =0T (Y G DED (G ), )

r=0

T

r oy hPF 2k —p—1)!
R F k(2K 1)!72(71);; i p—1)

wherez; < G, < zi41 andafm =

ri(k—r)! :
(k=) o pl(k —p—1l(r —p)!
With the help of the identiti(—l)’" () (B7) = (2, forallp > g > rq, (see [13],

r=0

ARIMA - numéro spécial TAM TAM'05



Hermite Spline Interpolants - 325

p.13), we deduce on the one hand thﬁ; =0, forallr =0,...,k — 1, and on the other
k—1
hand tha) ~(—1)" (%7') (*Z7"") = 1. Hence, (2) becomes

r=0

iy = DE flay,y;) + (1) 5272 D% £ (G, 95)

_ Z 2k 27’ 2) (k’s)f(CLQrayj)' (3)

[5]-1 [*7]

Sincel + Z 2r+1 (Zkk 21‘ 2) = (k2;1> (2kk7_271N72)’ and
r=0 r=0

‘D(k’s)f@mm Yi) — D(k’s)f(ci,2r’+1v yj)‘ s W(D(k’s)f(v Yj)s hi)

forall0 <r <[] and0 < r < (%] — 1, (3) can be written as a sum of terms of the
form (D®) £(Gi2r, y5) = D®*) (¢, 3,0 41,9) ) - Therefore, we have

5235 < crw(DFD (L y;),he).

Using a similar technique, one can show the other inequalities of the Lemma. [ |

Proposition 3.4. If we denote by}, , , the operator satisfyin@}._,, ,f =g 1, 1,
1<t <3, thenT,;[1 1—1p = 0forall p € Poy_1 2;—1. Moreover, we have

Ckh ﬁl
Hgi—l,l—lnoo < Ll4k Tk Ol— 1W(D(kl f)h h) ||gk: 1,1— IHOO = 14 T1a1 Tk— 1(“‘)( (k,l)fahah%
QCkClh ﬁ _
lg2—11=1llc < TR w(D* f b, h),
-1 m k=1 n
whereo;_; = Z Z 1971 jlloc,s @nd g1 = Z Z ¥k —1,illoc,1-
5=0 j=0 r=0 i=0

Proof. Let H, 1, Hy ;-1 andHy; be the Hermite interpolants tbat knots(z;, y;), i.e
Hi_11f = fo—10, Heg—1f = fey—1 andHy  f = fi,;. According to the decomposition
of fu—1,1, fr,i—1 andfy; given in Theorem 3.1, we can write

1 2
Hk,lfl = kal,lfl + Tk71,1717 kal,l = kal,lfl + Tk71’1717
Hy

1 2 3
Hy 11+ T g0+ T a1 + v -1
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As Hy;1q = q forall ¢ € Popy191—1, Hr_19 = q forall ¢ € Pyp_q241 and
Hk,lq =q for all q < P2k+1’21+1, we deduce th(ﬂ“,ﬁ_u_lp = ( for all p e szfl’glfl
andt € {1, 2, 3}.
On the other hand, for alt € [z;,2;41],0 < i < n — 1, we have

1 k

G gz y) = g(l’*ﬂ%)k (wi(z))" x
-1 m
(2)055 + (—1)F (1 — wi(2)) 357 | v

ZZ wi(z) i,j + (=1)"( wi(z)) i,j 1/’171,3‘(?/)»

s=0 j=0
wherew; (z) = (7“&1_“”_).

Ti41— T4

Since0 < (z — z;) wi(z) < &, we deduce from Lemma 3.3 that

Ckhk .
195—1,1-1ll00 < Tk 01 w(D®Df b, k).

Using a similar technique one can prove that
Clhl _
197 —11-1ll0 < Tk (D(k’l)f, h,h) )

Concerningg;_, ;_,, we have for al(z,y) € [;, zi11] x [y;,y;11],0 < i <n—1and
0<j<m-—1

Rorica(ey) = e =) @) - 1) (@50)' [wi(e) @i )5t
(D1 = wi(@)) wy ()07 1 + (D)) (1= s (9))0F 1+
(—DF(1 = wi@)) (1= w;(9))0 4] -

Then, using once again Lemma 3.3, we get

QCkClhkhl

S G(D*Hf b R).

||92—1,l—1 oo <

3.1. Numerical example

In this example, we describe the decomposition of the tensor product Hermite spline
interpolantf, , that interpolates the values and the derivatives of the fungtiany) =
cos(xzz‘y), defined orf2 = [0,4] x [—2,2], at vertice(z;,y;) = (i,7) of @ N Z2. Ac-
cording to Sectio, we havefs » = fo.0+95.0+93.0+96.0+ 911 +95.1+9;.1- In Figure
1, we give the graphs of, f2 2, fo,0 and some detail functions.
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S A =

Figure 1. Decomposition of f> 5.

4. Compressing data related to Hermite spline interpolants

The above decomposition ¢ ; can be regarded as an example of a Faber interpolation
scheme, see [1] and [3]. It gives rise to new hierarchical bases for the dpages < r <
k and0 < s < [, which can be used as tools for solving several mathematical problems
like those studied in [10], [11], [12] and [14]. Moreover, in view of the multiresolution
structure of this decomposition, the added functighs can be considered as correction
terms. Hence, as in the wavelet theory, a data compression can be achieved by thresholding
out the small coefficients of!. ,, 1 < ¢t < 3, i.e., removing the coefficients that are less
than a given threshold valug, ;. From the expressions of these coefficients, given in
Section3, the removal of one of them is equivalent to substitute the ﬂkit’af)f(a:i,yj)
for a linear combination oD% f, ., . (27", y7), 0 < u,v < 1 and(u,v) # (0,0).
Therefore, this method allows us to omit some Hermite data without sacrificing the quality
of approximation. A data Hermite compression method has been developed in [6] for the
univariate case, and the obtained results are interesting. In this section, we generalize this
method to the bivariate case.

In what follows, we give an algorithm that compresggs. This algorithm provides
the coefficients{ (5, ), 0 <i<n—1, 0 < j <mand1 < s, <s—1} of correction
terms(g;_; ;1) {(075°)%, 0<i<n, 0<j<m-—1land1<r <r—1}ofcorrec-
tion terms(g2_, ,_,)¢ and {(51{].7,6,1)6, 1<t<4,1<i<n—landl<j<m— 1}

of correction termgg? , , ;) 1 < r < kandl < s < [, which are added tg ¢ in
order to obtain the corresponding compressed interpgiant
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Algorithm 4.1
Step 1
Forj =0,...,m,
Fors=1,...,1—1,do
Fmi:L”wn—Lbﬂﬁf:mm(M Hdlﬁ)
first case T < ey,
. k,s _' k,s k,s\e __
i) I =10, put(é; ;)¢ =0and

—k,s

k _
(0;71;)¢ = D" fr i (x jayj)_D(kﬁ)fkfl,l(xi 2 Yj)

<k,s k,s
e —
k's fk,s —<k,s b e
i) I =07, ,put(éi_Lj) =0 and
(075)e = DE=) fr ) (a *,yj>—D<k’S>fk71,l<xj,yj>
— (Sk s 51 1 y

second casel’}” > exy
s s <k,s
put(s;;)e = 5k and (3, ,)° =17
End(i)
End(s)
End(j).

Step 2

Fori=0,...,n
Forr=1,...,k—1,do
muzL“wm_meﬁzmeqﬂﬁﬁ40
first case T“l < €ps
i) I = |Wﬂpm®”)f0am

—=r,l

(0i5-1)° D(”)fkl(l‘za =D fr (i, y;)
=5 s
||)F _6” 1 put(éu 1)e=0et
(52;-) = Tl)fkz(xwy;)—D(T’l)fk,zq(xi,y;r)
(;rli(;” X

second caseL]”; > ey
put (6;°))° 5Tl and(3,’!
End(j)
End(r)
End(i).

—=r,l

i,j— 1)C = 51‘,;‘—1
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Step 3

Fori=0,...,n,
Forj =0,...,m, do
et T8 = min (101, 10l 1821 4l 19221 a 1021 5]
first case l“’” < €y
i) Fi,j = |5 el pUt(éz]kl) =0, and
(61‘2—1,j,k,l) = 5i—1,j,k,z 511,3‘,1«,1
(52];1,1@,1)6 = 5?,j71,k,l - 53,;‘,1@71
(5?71 - 1,k,l)c = 5?4;‘ 1,k,l - 5'1,j,k,l
ii)F =107y j gl PUL(O? ;5 )¢ =0, and
(51,],k,l) = 61'1,j,k,l 51'271,]',1@,1
( ,J 1,k, )= 61'3,j—1,k,l - 61'2—1,j,k,l
( i—1,j— 1kl) :5?7 1,j— 1kl*5z‘27 1,5,k,1
i) T30 = (03,1 4l put(d3,_, )¢ =0, and
(51'1,j,k,l) = §i1,j,k,l 5?,;'71,&1
(51‘2—1,3',1@,1)6 = 61'2—1,j,k,l - 5?,j—1,k,l
(5?— 1,5— 11@1)6:5?— 1,j— 1kl_53,j 1,k,l
iV)Fff 1031 i1l PUL(SE ;1 4 )¢ = 0,, and
(5i1,j,k,l) = 51‘1,]‘,1@,1 53—1,3‘—1,1@,1
(51'271,]',1@,1)6 = 61'271,j,k,l - 5?71,]'71,1@,1
(5?,j—1,k,l)c = 5?,1'—1,1«,1 - 521—1,3‘—1,1«,1
second casel}”] > e, put
(61,],k,l)c = 5'1,j,k,z
( i—1 ,],k,z)) = 51'2—1,j,k,l
E‘S = 1,k,z) = 53,; 1,k,l

6;1 1,7— 1kl> _6 1,5—1,k,1
End()
End(i).

In order to give an error bound betwegn, and f; ;, we need the following lemma.

Lemma4.1.

—k,s —<k,5\ ¢
6z7j - (5i7j )(.

s k,sve
ij T (@,;)p

< €y

1 )
05— (0)°

IN

r <l
— (035

€kl for t=1,2,3,4.

1,
€k, and i

and [0} ;. — (0% j.00)°]

IN
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Proof. From Algorithm 4.1, we easily verify that

6]&’,8 _ (6]6,5)5 — 65‘,]‘3 |f

i,j i,j < ez, and 6i,js - (51,;)6 =0 if > €k,

k,s
5i,j

k,s
9;);

then, we hav 6&;9 — (6238)0 < e, A similar technique can be used for showing the
other inequalities of the Lemma. [ |

Theorem 4.2. The compressed interpolayff ; given by Algorithmt.1 is of classC*! on
Q2. Moreover, we have the following estimations of the error

. h*
Hglifuq - (9%4,171”’% < ek,lmalflv
hl
Hglgfl,lfl - (ngl,zfl)cuoo < 61@,1@01@71,
hER!
Hgg—l,l—l - (92—1,1—1)CHOO < Gk,lm-

Proof. According to Algorithm 4.1, a Hermite darB(“S)f(xi,yj) is removed and sub-
stituted for a linear combination d"*) f, _, ., (zF,yF), 0 < u,v < 1 and(u,v) #
(0,0), when one of the coefficients is smaller than the threshold value Then, the
modified Hermite data lead to the construction of the compressed intergfglantich is
obviously of clas€*! on{). On the other hand, using Lemma 4.1, we obtain

hk .
9h 101 (@, y) = (gh_11) (2, 9)] < €l TR 011 forallz € [z;,2;41], 0<i<n—1.

. k
Thus’Hgli—l,l—l - (911—1,1—1)(“‘00 < Ek,lﬁal%-
Using a similar technique, one can show the other inequalities of the Theoremm

According to Theorem 4.2, it is clear that wheand” are very small, the functiof ,
is very close tofy, ;. This fact is illustrated in the following example.

4.1. Numerical example

Using Algorithm 4.1, we will compress the interpolafit, of the functionf(z,y) =

cos 12;, studied in the preceding example. Recall that the number of coefficients used

for the construction off; » is equal to 368. The following table shows the numbers of co-
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efficients removed after thersholding with different values ef (e1, e2) using Algorithm
4.1.

e2\e€1 | 0.01] 0.02| 0.03| 0.08| 0.15| 0.2 | 0.5 | 0.7
0.01 | 49 52 56 72 93 | 95 | 104 | 108
0.04 | 59 62 66 82 | 103 | 105| 114 | 118
0.1 61 64 68 84 | 105 | 107 | 116 | 120
0.3 72 75 79 95 | 116 | 118 | 127 | 131

The left graph in Figure 2 stands for the compressed Hermite interpfflamtbtained from
Algorithm 4.1 by using the threshold valae= (0.01,0.01). The right graph corresponds
to the error functior{f2 2 — f5,).

Figure 2.

5. Conclusion

Starting from the results given in [4] and [6], it was proposed in [7] a method which
allows to compute recursively the tensor product Hermite interpgignt This method is
similar to the one studied in this paper, but the computational cost for evalyatingith
the latter is better. Indeed, as given in [7},; can be written as a sum ¢f_; ;_; and{ +
k + 1 detail functions but, according to Theorém, we need here only detail functions.
Moreover, it is easy to verify that the number of coefficients needed for computing the
detail functions in the decomposition #if ; using the method introduced in [7]dsum (k+
[+ 1), while we need onl@n(m + 1)I + 2m(n + 1)k + 4nm coefficients if we use the
method developed here. Numerical experiments have still to be done in order to give further
information concerning these two methods.

Obviously, the above decomposition fif; has several advantages, it allows to com-
pute this interpolant step by step using basis functions which have simple expressions. But
this method is adapted only to tensor product Hermite interpolants. Hence, it is interesting
to study the decomposition of any bivariate Hermite interpolant. With regard to this topic,
we have proposed in [8] a method allowing to build recursively bivariate Hermite polyno-
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mial interpolants defined on triangles, and in [5] a hierarchical computation of particular
Hermite spline interpolants of clagd on R?. The development of other applications of
these results is still under investigation.
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