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ABSTRACT. We present the recent results obtained for the within-host models of malaria and HIV.
We briefly recall the Anderson-May-Gupter model. We also recall the Van Den Driessche method
of computation for the basic reproduction ratio R0; here, a very simple formula is given for a new
class of models. The global analysis of these models can be founded in [1, 2, 3, 5]. The results
we recall here are for a model of one strain of parasites and many classes of age, a general model
of n strains of parasites and k classes of age, a S E1 E2 · · ·En I S model with one linear chain of
compartments and finally a general S Ei1 Ei2 · · ·Ein I S model with k linear chains of compartments.
When R0 ≤ 1, the authors prove that there is a trivial equilibria calling disease free equilibrium (DFE)
which is globally asymptotically stable (GAS) on the non-negative orthant , and when R0 > 1, they
prove the existence of a unique endemic equilibrium in the non-negative orthant and give an explicit
formula. They provided a weak condition for the global stability of endemic equilibrium.

RÉSUMÉ. Le travail que nous présentons ici est un résumé de quelques résultats récents obtenus
dans [1, 2, 3, 5] concernant les modèles intra-hôtes multi-compartimentaux. Il s’agit d’une analyse
mathématique et globale des modèles intra-hôtes de paludisme et de V.I.H . Mais avant de présenter
ces résultats, nous rappelons d’abord la méthode de calcul développée par Van Den Driessche[71]
concernant le taux de reproduction de base R0 car c’est cette méthode qu’utilisent les auteurs dans
leur analyse. Ces modèles sont dits de Anderson-May-Gupter dont le modèle original est considéréNuméro spécial Claude Lobry Revue Arima - Volume 9 - 2008, Pages 85 à 107
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comme précurseur. Une formule simple est donnée ici pour le calcul de R0 dans les modèles étu-
diés. Les résultats que nous rappelons ici sont obtenus pour un modèle du paludisme à un géno-
type de parasites et k classes d’âge, le modèle général à n génotypes de parasites et k classes
d’âge, un modèle S E1 E2 · · ·En I S avec une chaîne linéaire de parasites et enfin le modèle géné-
ral S Ei1 Ei2 · · ·Ein I S avec k chaîne linéaire de parasites. Lorsque R0 ≤ 1, les auteurs montrent
qu’il existe un point d’équilibre évident, le DFE (Disease Free Equilibrium) qui est GAS (globalement
asymptotiquement stable) sur l’orthant positif. Lorsque R0 > 1, ils montrent l’existence d’un unique
équilibre endémique dans lórthant positif et moyennant une petite condition ils montrent que cet équi-
libre est globalement asymptotiquement stable.

KEYWORDS : Nonlinear dynamical systems, asymptotic stability, epidemic models, global stability.

MOTS-CLÉS : Systèmes dynamiques non linéaires, stabilité asymptotique, modèles épidémiolo-
giques, stabilité globale.
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Intra-host models of malaria and HIV 87

1. Introduction on intrahost models of malaria and H.I.V

Intra-host models of malaria describe the dynamics of the blood-stages of the para-
sites and their interaction with host-cells, in particular red blood cells (RBC) and immune
effectors. Such models are used for different purposes : explain observations, predict im-
pact of interventions, e.g. use of antimalarial drugs, estimate hidden states or parameters.

We give a brief review of the features of malaria. Malaria in a human begins with an
inoculum of Plasmodium parasites (sporozoites) from a female Anophele mosquito. The
sporozoites enter the liver within minutes. After a period of asexual reproduction in the
liver, the parasites (merozoites) are released in the bloodstream where the asexual ery-
throcyte cycle begins. The merozoites enter red blood cells (RBC), grow and reproduce
over a period of approximatively 48 hours after which the erythrocyte rupture releasing
daughter parasites that quickly invade a fresh erythrocyte to renew the cycle. This blood
cycle can be repeated many times, in the course of which some of the merozoites instead
develop in the sexual form of the parasites : gametocytes. Gametocytes are benign for the
host and are waiting for the mosquitoes.

In epidemiological models, we usually have two equilibrium points: an evident equi-
librium calling Disease Free Equilibrium (DFE), which is the equilibrium point when
there is no disease and the Endemic Equilibrium (EE). When the basic reproduction ratio
R0 ≤ 1, the DFE is the only equilibrium in the non-negative orthant. We can show in this
case that the DFE is globally asymptotically stable. When R0 � 1, the other equilibrium
is in the non-negative orthant and then is calling endemic equilibrium. Some authors
have shown with minor condition that in this case the endemic equilibrium is globally
asymptotically stable.

The evolution of the global analysis of multicompartmental models is not so easy.
The fondamental paper is the paper of Lajmanovich and Yorke in 1976 on gonnorea, for
n groups. It’s an (SIS)n model where the polutation of every sup-group is constant. The
DFE here is the origin. Their result can be summarized as follows : if R0 ≤ 1 then
there exists a unique equilibrium in the non-negative orthant, the DFE, which is globally
asymptoticaly stable; if R0 � 1 then there exists a unique endemic equilibrium in the
non-negative orthant which is globally asymptoticaly stable on the model domain, except
on the stable manifold of the DFE.

The global stability results of SEIR and SEIS models was conjectured for a long time.
Li and Muldowney finally obtained it in 1985. The proof uses the competitive nature of
the system and Poincare-Bendixson properties in 3-dimension. In 2004, Korobeinikov
obtained again Li and Muldowney results by using a Lyapounov function. In epidemiol-
ogy, this kind of function was already used in 1986 by Beretta and Capasso, Lin and So
in 1993 for partial results on global stability.

The first compartmental model was Ross-model in 1911. This original model has
been extended in different directions. The first mathematical model of the erythrocyte
cycle was proposed by Anderson, May and Gupta [7]. Like Ross-model, this original
model has been also extended in different directions [6, 7, 25, 29, 32, 34, 65].
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The original model of Anderson, May and Gupta [7] is given by the following system ẋ = Λ− µx x− βx m
ẏ = βx m− µy y
ṁ = r µy y − µm m− β xm

(1)

The state variables are denoted by x, y and m. The variable x denotes the concentration
of uninfected red blood cells (RBC), y the concentration of parasitized red blood cells
(PRBC), m the concentration of the free merozoites in the blood. The parameters µx,
µy and µm are the death rates of the RBC, PRBC and free merozoites respectively. The
parameter β is the contact rate between RBC and merozoites. Uninfected blood cells are
recruited at a constant rate Λ from the bone marrow and have a natural life-expectation
of 1/µx × days. Death of a PRBC results in the release of an average number of r mero-
zoites. Free merozoites die or successfully invade a RBC. A measurement of Plasmod-
ium falciparum parasitaemia taken from a blood smear therefore samples young parasites
only. Physician treating malaria use the number of parasites in peripheral blood smears
as a measure of infection, but this does not gives the total parasites burden of the patient.
In some respects this is a weak point of the model (1). Moreover antimalarial drugs are
known to act preferentially on different stages of parasite development. This facts lead
some authors to give a general approach to model the age structure of Plasmodium par-
asites [26, 27, 28]. The model is a catenary compartmental model. If we distinguish k
stages, the linear model is given by

ẏ1 = rγk − (µ1 + γ1)y1

ẏ2 = γ1y1 − (µ2 + γ2)y2

· · ·
ẏi = γi−1yi−1 − (µi + γi)yi

· · ·
ẏk = γk−1yk−1 − (µk + γk)yk

(2)

The state yi denotes the concentration in the blood of PRBC of class i. The rate transition
from a compartment i to the following i + 1 is γi, the mortality is µi. In the last k
stage the rupture of the erythrocyte releases r merozoites, which invade, in this model,
instantaneously fresh erythrocytes giving rγk erythrocytes in stage 1.

This paper is organized as follows: In section 2, we describe the Van Den Driessche
method of computation for the basic reproduction ratio R0. We apply it on a SIR model.
In section 3, we present the results obtained by the authors of [1] where they analize
an age-structured model for the dynamics of malaria infection which combines the ad-
vantages of two approches: the model presented is more general than the model of [26]
since it considers different mortality and transmission factor for each stage. This model
is based on a finite number of compartments, each representing a stage of development of
the parasite inside the PRBC. The model describes the dynamics of the evolution of the
morphological stages of the parasites and also makes allowance for the dynamics of the
healthy RBC which is not the case in the model (2). In section 4, we present the results
obtained by the authors of [1] where they generalized the model of two strains of parasites
proposed by Hellriegel in [29] where she shows that the competition exclusion principle
holds but only on simulations. They analyse a general model of n strains of parasites and
k classes of age. In sections 5.1 and 5.2, we finally present the results obtained by the
authors of [5] where they study a SEIS multicompartmental model of malaria. We have
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Intra-host models of malaria and HIV 89

in this section a S E1 E2 · · ·En I S model with 1 linear chain of compartments and the
general S Ei1 Ei2 · · ·Ein I S model with k linear chains of compartments.

2. The Van Den Driessche method of computation for the
basic reproduction ratio

As usual, the basic reproduction number is the expected number of secondary cases
produced in a completely susceptible population, by a typical infected individual during
it’s entire period of infectiousness [31, 20, 19].

The basic reproduction ratio can also be considerated as a bifurcation parameter. This
parameter has a long history in epidemiology; his computation is not too easy. According
to Van Den Driessche[71], the basic reproduction ratio of a given model can be defined
as the spectral radius of the next generation matrix . The next generation matrix here is
in the form −F V −1, where F is a non-negative matrix and V a non-singular Metzler
matrix . We try here to show how one can compute it by using the Van Den Driessche
method. In order to apply this method, we use the following SIR model.

2.1. A SIR model with two classes of age

Let us consider the model given by the following figure

S I1 I2 R

L

m m m m

b1I1+b2I2

g1 g2

Figure 1. SIR model with 2 classes of age

The dynamics of the model is described by the following system:
Ṡ = Λ− µS S − (β1 I1 + β2 I2) S

İ1 = (β1 I1 + β2 I2) S − α1 I1

İ2 = γ1 I1 − α2 I2

Ṙ = γ2 I2 − α3 R

(3)

where α1 = µ + γ1, α2 = µ + γ2, α3 = µ. This model contains SEIR model when we
suppose β1 = 0. Except the last equation, the variable R does not appears in the others;
so, it has no influence on the dynamics of the other variables. We will then analize this
model without equation Ṙ.

We can also write our system in this form:{
Ṡ = Λ− µS S − S 〈β | I〉
İ = S 〈β | I〉b + A I
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where b = e1 = (1, 0)T , I = (I1, I2)T , β = (β1, β2)T and A =
[
−α1 0
γ1 −α2

]
.

For this model, the disease free equilibrium is DFE = (S∗ = Λ
µ , 0). The non-negative

orthant R3
+ is positively invariant. Let us compute the basic reproduction number of this

model.

2.2. The computation method of basic reproduction number

We subdivide the population into 2 compartments; the susceptible (S) individuals and
the infectious (I) individuals. The number of individuals in the compartment i is given by
xi (or xi can also be an incidence, i.e. the percentage of individuals contained in the com-
partment i). We use the notation x = (S, I), so that the first compartment is consisted of
"no sick" individuals, precisely those who don’t have germs (virus, protozoaire, parasites,
. . . ).

In order to compute the basic reproduction numberR0 like Van Den Driessche did[71],
we consider the following figure:

Vi
+(x)

Vi
-

Fi(x)

(x)

xi

Figure 2. The dynamics of the compartment

The dynamics of the compartment xi is described by

ẋi = F(x) + V+(x)− V−(x)

where F(x) denotes what is coming from the other compartments, due to the contam-
ination.

V+(x) denotes what is coming from the other compartments, due to another reasons.
(deplacement, oldness, cureness etc . . . )

V−(x) denotes what disappear from the compartment.

We recall the definition of the spectral radius of a given matrix.

Definition 2.1 The spectral radius of a matrix A is the maximum of it’s eigenvalues mod-
ulus ; ie

ρ(A) = max
λ∈Sp(A)

|λ |
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Intra-host models of malaria and HIV 91

Theorem 2.2 :(Van Den Driessche)

For a given epidemiological model, if we have DF(S∗, 0) =
(

F 0
0 0

)
and DV(S∗, 0) =(

V 0
J1 J2

)
where F is a non-negative matrix and V a Metzler-matrix, then the basic

reproduction ratio R0 of the model is the spectral radius of the next generation matrix
M = −F V −1, ie

R0 = ρ(−F V −1)

2.3. The computation of basic reproduction ratio for our SIR model

For our SIR precedent model (3), we can observe that S〈β | I〉b denotes what coming
from the other compartments, due to the contamination. So, we have F(S, I) = (0, S〈β |
I〉b)T

and V = (Λ− µS − 〈β | I〉S, A I)T . Their Jacobean matrices computed at DFE are

DF(S∗, 0) =
(

0 0
0 S∗ bβT

)
=

(
0 0
0 F

)

DV(S∗, 0) =
(

−µ −S∗ βT

0 A

)
=

(
−µ −S∗ βT

0 V

)
Then, according to the theorem 2.2, the basic reproduction ratio of the system (3) is

R0 = ρ(−F V −1)
= ρ(S∗ bβT (−A)−1)

But M = S∗ bβT (−A)−1 � 0 is a rank 1 matrix. We can then compute the basic
reproduction number of the model as

R0 = S∗ βT (−A)−1 b

= S∗( β1
α1

+ β2 γ1
α1 α2

)

= S∗ β1 α1+β2 γ1
α1 α2

Many authors use this method of computation, due to Van Den Driessche to obtain the
basic reproduction ratio R0 of a given model. The results we have here are collecting in
many papers of the epidemiological literature, especialy in [1, 2, 3, 5] where the authors
use the Van Den Driessche method of computation of R0. We begin by an age-structured
model for the dynamics of malaria infection.

3. An age-structured model for the dynamics of malaria
infection

In many references cited, the recruitment of RBC is given by Λ − µx x. The authors
of [1, 2] used a more general function ϕ(x). In a more complex system, the haemopoiesis

A R I M A

Intra-host models of malaria and HIV87 - 91

Revue ARIMA - volume 9 - 2008

cbouton
Zone de texte 

cbouton
Zone de texte 



92 A R I M A – Volume 9 – 2008

could be an input coming from another system. They studied the following model with 1
strain of parasites and k classes of age:

ẋ = f(x)− µx x− βx m = ϕ(x)− β xm
ẏ1 = βx m− α1 y1

ẏ2 = γ1 y1 − α2 y2

. . .
ẏk = γk−1 yk−1 − αk yk

ṁ = r γk yk − µm m− u β xm

(4)

where y denotes the column vector (y1, · · · , yk)T . The parameter u only takes the value
0 or 1. The reason of this parameter is to encompass some malaria models in which
terms −β xm or β y m can appear or not. In [7], Anderson-May-Gupta have considered
a term −β xm in the equation ṁ. This corresponds to a loss of a free-merozoite once
it enters a RBC. In [6], Anderson has considered a system without the −β xm in the
ṁ equation. Then merozoites can infect RBC without themselves being absorbed, this
allows one merozoite to infect more than one RBC . In [62], all the basic models of virus
dynamics are also without this term. When u = 0 the model can also be interpreted as
a SE1 · · ·EkI epidemiological model. The gametocytes are benign and transmissible to
mosquitoes. Like some authors in the epidemiological literature, they include a produc-
tion of gametocytes in the model. If yk+1 denotes the concentration of gametocytes the
model becomes 

ẋ = f(x)− µx x− βx m = ϕ(x)− β xm
ẏ1 = βx m− α1 y1

ẏ2 = γ1 y1 − α2 y2

. . .
ẏk = γk−1 yk−1 − αk yk

ẏk+1 = δ γk yk − αk+1 yk+1

ṁ = r γk yk − µm m− u β xm

(5)

The function f gives the production of erythrocytes from the bone marrow. The func-
tion ϕ(x) = f(x)−µx x models the population dynamic of RBC in absence of parasites.
The authors assumed that f depends only of x and that since homeostasis is maintained,
the dynamic without parasites is asymptotically stable. In other words, for the system

ẋ = f(x)− µx x

there exists a unique x∗ > 0 such that

f(x∗) = µx x∗, f(x)−µx x > 0 for 0 ≤ x < x∗, f(x)−µx x < 0 for x > x∗ (6)

The systems (4) and (5) can be written as{
ẋ = ϕ(x) − x 〈β | C z〉
ż = x 〈β | C z〉B + A z

(7)

where x ∈ R+ denotes the class of susceptible erythrocytes, the components of z ∈
Rn

+ denotes the different class of latent erythrocytes, gametocytes and merozoites. The
matrix C is a nonzero k×n non-negative matrix, β ∈ Rk

+ is a positive vector. The vector
B ∈ Rn

+ is a nonzero non-negative vector (B > 0) and A is bounded by a stable Metzler
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Intra-host models of malaria and HIV 93

matrix Ā, A ≤ Ā. (A Metzler matrix is a matrix with off-diagonal entries non-negative
[9, 36, 52].) In this form this system encompasses numerous systems, particularly all the
systems addressed by the authors in the paper [1].

The authors rewrite the system (4) as ẋ = f(x)− µx x− βx m = ϕ(x)− β xm
ẏ = βx me1 + A1 y
ṁ = r γk C y − µm m− u β xm

(8)

where e1 is the vector of Rk given by e1 = (1, 0, · · · , 0)T , C is the k row matrix C =
eT
k = (0, · · · , 0, 1).

Their results are given in the following theorem

Theorem 3.1 Consider the system (4) or (5) with the hypothesis (6) satisfied. The basic
reproduction ratio of the system (4) and (5) is given by

R0 =
rβx∗

µm + u β x∗
γ1 · · · γk

α1 · · ·αk
(9)

1) The non-negative orthant is positively invariant by the system (4).

2) Any trajectory of the system (4) is forward bounded.

3) The system (4) is globally asymptotically stable on Rk+2
+ (respectively (5) on

Rk+3
+ ) at the disease free equilibrium (DFE) (x∗, 0, · · · , 0) if and only if R0 ≤ 1.

4) If R0 > 1 then the DFE is unstable and there exists a unique endemic equilib-
rium (EE) in the positive orthant, (x̄, ȳ, m̄) � 0 given by

x̄ = µm

β [r γk (−A1)
−1(k,1)−u] < x∗,

ȳ = ϕ(x̄) (−A1)−1e1,

m̄ = f(x̄)−µx x̄
βx̄ = ϕ(x̄)

β x̄ .

(10)

Denoting α∗ = −maxx∈[0,x∗] (ϕ′(x) ), if

u β ϕ(x̄) ≤ α∗ µm (11)

then the endemic equilibrium is globally asymptotically stable on the non-negative or-
thant, excepted for initial conditions on the x-axis.

Proof:
(
xB βT C + Ā

)
is a Metzler matrix if x ≥ 0. So, if z ≥ 0

ż =
(
xB βT C + A

)
z ≤

(
xB βT C + Ā

)
z

With the hypothesis (6) ϕ(0) > 0, the half line R+ is positively invariant by ẋ = ϕ(x) −
x 〈β | C z〉. Since it is well known that linear Metzler systems let invariant the non-
negative orthant, this proves the positive invariance of the non-negative orthant Rn+1

+ by
(7).
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The expression of R0 is obtained easily by using the next generation matrix of the
system (4) [13, 19, 20]. It can be observed that when the system is in the form (7),
x 〈β | C z〉B denotes what is coming from another compartments due to a contamination.
It is straightforward using the definition of [20] to obtain

R0 = 〈β | C (−A−1) B〉x∗

For the global asymptotic stability of DFE, the authors considered the following can-
didate Lyapunov function:

V = a2(x− x∗ lnx)− a2x
∗(1− lnx∗) + VDFE(y, m)

where a2 = α1···αk

rγ1···γk

µm

βx∗ > 0 and VDFE is defined on the non-negative orthant by

VDFE(y, m) = y1 +
α1

γ1
y2 + · · ·+ α1 · · ·αk−1

γ1 · · · γk−1
yk +

α1 · · ·αk

r γ1 · · · γk
m (12)

This function is positive definite (relatively to x∗) on Rk+2
+,x>0 = {(x, y, m) ∈ Rk+2

+ :
x > 0}. Therefore,

V̇ =
a2

x
(x− x∗)ϕ(x) +

α1 · · ·αk

rγ1 · · · γk

µm + uβx∗

βx∗
(R0 − 1) βxm ≤ 0

By assumption (6) we have (x − x∗)ϕ(x) = (x − x∗)(f(x) − µxx) ≤ 0 for all x ≥ 0.
Therefore V̇ ≤ 0 for all (x, y, m) ∈ Rk+2

+,x>0 which proves the stability of the DFE. Its
attractivity follows from the LaSalle’s invariance principle [40] since the largest invariant
set contained in {(x, y, m) ∈ Rk+2

+,x>0 : V̇ = 0} is reduced to the DFE. On the other
hand the vector field is strictly entrant on the face x = 0. Hence the whole orthant Rk+2

+

belongs to the region of attraction of the DFE.

For the global asymptotic stability of the endemic equilibrium, the authors defined the
following Lyapunov function on the non-negative orthant for the two systems correspond-
ing to u = 0 and u = 1.

VEE(x, y, m) = a(x− x̄ lnx) +
k∑

i=1

bi (yi − ȳi ln yi) + c (m− m̄ lnm) (13)

where they choose the coefficients a, bi, c such that in the computation of V̇ all the terms
in xm, yi and m cancel. Setting α∗ = −maxx∈[0,x∗] ϕ

′(x), they show that a sufficient
condition for GAS of the EE is

R0 > 1 and u β ϕ(x̄) ≤ µmα∗ (14)

REMARK. — The authors define and compute the basic reproductive ratio R0 defined
as in [19]. Equivalently a threshold condition can be defined related to the existence of a
biological endemic equilibrium. To be more precise, the system (4) has always an equi-
librium (x̄, ȳ, m̄) in Rk+2.

REMARK. — It should be pointed out that the Lyapunov function defined by authors in
[1] in order to show the global stability of the endemic equilibrium has a long history of
application to Lotka-Volterra models [22, 23] and was originally discovered by Volterra
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Intra-host models of malaria and HIV 95

himself, although he did not use the vocabulary and the theory of Lyapunov functions.
Since epidemic models are "Lotka-Volterra" like models, the pertinence of this function
is not surprising.
Comparison with known results
The stability result obtained here by the authors improves the one of De Leenher and
Smith [17] in two directions:

1) it introduce n stages for latent classes;
2) the sufficient condition (14) for the global asymptotic stability of the endemic

equilibrium is weaker than the one provided in [17], for instance the sufficient condition
given in theorem 3.1 is satisfied for the malaria parameters given in [7] while the condition
of [17] is not satisfied.

Let us consider now the model studied in [1], which generalize the model studied in
section 3.

4. The general case : n strains with k classes of latent
erythrocytes

The authors of [1] analized the general case with n strains of parasites and k classes
of latent erythrocytes.

They generalized easily the case of two strains with one class of parasitized RBC
presented by Hellriegel in [29] where she showed that the competitive exclusion principle
holds . The authors of [2] provide a mathematical proof of the simulation results obtained
in [29] . It’s important to remark that the system is no more competitive as soon as k > 1.
The model is defined by the following system with k classes and n strains

ẋ = f(x)− µx x− x
∑n

i=1 βi mi = ϕ(x)− x
∑n

i=1 βi mi

for i = 1, · · · , n
ẏ1,i = βixmi − α1i y1,i

ẏ2,i = γ1,i y1,i − α2,i y2,i

. . .
ẏk,i = γk−1,i yk−1,i − αk,i yk,i

ṁi = ri γk,i yk,i − µmi
mi − u βi xmi

ġi = δi yk,i − µgi
gi

(15)

The u parameter is to encompass the case of SE1 · · ·EkI with n strains.

The principal theorem of this paragraph is given by

Theorem 4.1 We consider the system (15) with the hypothesis (6) satisfied. We denote
ϕ(x) = f(x)− µx x.

The basic reproduction ratio R0 of the system (15) is given by

Ri
0 =

riβix
∗

µmi
+ u βi x∗

γ1,i · · · γk,i

α1,i · · ·αk,i

and
R0 = max

i=1,··· ,n
Ri

0
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1) The nonegative orthant is positively invariant by the system (15).

2) Any trajectory of the system (15) is forward bounded.

3) The system (15) is globally asymptotically stable on R+ at the disease free equi-
librium (DFE) (x∗, 0, · · · , 0) if and only if R0 ≤ 1.

4) If R0 > 1 then the DFE is unstable. If Ri
0 > 1 there exists an endemic equilib-

rium (EE) in the positive orthant corresponding to the genotype i, the value for the other
indexes j 6= i are yj = mj = 0 and

x̄i = µmi

βi

h
ri

γ1,i···γk,i
α1,i···αk,i

−u
i

ȳi = ϕ(x̄i) (−Ai)−1e1

m̄i = f(x̄i)−µx x̄i

βix̄i
= ϕ(x̄i)

βi x̄i

ḡi = δi

µgi
ȳk,i

(16)

where the matrix Ai is the analogous of the matrix A1, defined precedently in section 3,
for the genotype i.

5) Assume R0 > 1 and define T i
0 = x∗

x̄i
,

Assume that the generic conditions T i
0 6= T j

0 are satisfied for i 6= j. We suppose that
the genotypes have been indexed such that

T 1
0 > T 2

0 > · · · > T n
0

Then the endemic equilibrium corresponding to x̄1 is asymptotically stable and the en-
demic equilibria corresponding to x̄j for j 6= 1 (for those which are in the nonnegative
orthant) are unstable.

6) We assume that the preceding hypothesis T 1
0 > T j

0 is satisfied with R0 > 1. We
denote by α∗ = −maxx∈[0,x∗] (ϕ′(x) ). Then if

β1 ϕ(x̄1) ≤ µm1 α∗

The equilibrium (x̄1, ȳ1, m̄1, ḡ1, 0, · · · , 0) is globally asymptotically stable on the non-
negative orthant minus the x-axis and the faces of the orthant defined by y1 = m1 =
g1 = 0. In other words the most virulent strain 1 is the winner and the other strains goes
extinct.

Proof: The system can be put in the form (7). So the basic reproduction ration is
obtained like in section 2 by using the Van Den Driessche method of computation. The
authors use the Lyapunov function

V (y, m) =
n∑

i=1

VDFE(yi,mi)

where VDFE is defined by (12) to show the global stability of the DFE. For the global
asymptotic stability of the endemic equilibrium, they had a similar condition as the con-
dition (14) obtained in section 3.
REMARK. — On the non generic case it can be shown, using Lyapunov functions like the
authors of [2] did, that there exists a continuum of stable endemic equilibria. Their result
compares with the result of [11].
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In the generic case, the dynamics of the system are completely determined. The non-
negative orthant is stratified in the union of stable manifolds corresponding to the different
equilibria. Only the equilibrium corresponding to the winner strain has a basin of attrac-
tion with a non empty interior.

Let us consider now the S E1 · · · En I S and S Ei1 · · · Ein I S models studied by the
authors of [5].

5. The S E I S models with one and k linear chain of
compartments

5.1. The S E1 · · · En I S model with one linear chain of compartments

The authors of [5] assume homogeneity of the susceptible population and neglect
variations in susceptibility associated with disease spread. The population considered is
divided into disjoint classes of susceptible, exposed, infective and recovered individuals,
with numbers at time t denoted by S(t), E(t), I(t), R(t), respectively. All recruitements
are within the susceptible class, and occurs at a constant rate Λ. On adequate contact
with an infective, a susceptible individual becomes infected but is not yet infective. This
individual remains in the exposed class for a certain latent period, passing through n
stages (E1, · · · , En) before becoming infective. Once infective, an individual may either
die due to the disease or, after an infective period, pass into the recovered class. For
diseases that confer temporary immunity the individual returns to the susceptible class
after an immune period.
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The transfer diagram for the system S E1 · · ·En I S is given in the following figure

S E1 E2 En IβI γ1 γ2 γn

γ0

µS µIµ1 µ2 µn

Λ

. . .

Figure 3. SEIS model

the dynamics of the model is described by the following system:



Ṡ = Λ− µS S − β S I + γ0 I

Ė1 = β S I − α1 E1

Ė2 = γ1 E1 − α2 E2

· · ·
Ėi = γi−1 Ei−1 − αi Ei

· · ·
Ėn = γn−1 En−1 − αn En

İ = γn En − αn+1 I

(17)

Setting x = S and yi = Ei for i = 1, · · · , n and yn+1 = I , the system (17) can be
written in the form :

{
ẋ = ϕ(x) − βx〈y | eω〉+ γ0 yn+1

ẏ = βx〈y | eω 〉 e1 + A y
(18)

where e1 = (1, 0, 0, ..., 0)T , eω = (0, 0, ..., 0, 1)T , ϕ(x) = Λ− µx x and 〈 | 〉 denotes
the usual scalar product. The matrix A is given by
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A =



−α1 0 0 . . . 0 0
γ1 −α2 0 . . . 0 0
0 γ2 −α3 . . . 0 0
...

. . . . . . . . .
...

...
0 0 . . . γn−1 −αn 0
0 0 . . . 0 γn −αn+1


The principal results obtained by the authors are in the following theorem

Theorem 5.1 1) For ε ≥ 0, the simplex:

Ωε =
{

(S, E1, · · · , En, I) ∈ Rn+2
+ | N(t) ≤ Λ

µ
+ ε

}
is a compact invariant set for the system (17) and for ε > 0, this set is absorbant. So, the
analize of authors is limited to this simplex for ε > 0. The basic reproduction number is
given by:

R0 = β x∗ 〈eω | −A−1e1〉 = β x∗
γ1 . . . γn

α1 . . . αn

1
αn+1

(19)

2) For the system (17), when R0 ≤ 1, the DFE is globally asymptoticaly stable on
Ωε; this implies the global stability in the non-negative orthant Rn+3

+ . The disease dies
out and all the parasites disappear.

3) When R0 > 1, there exists a unique strong endemic equilibrium which is glob-
ally asymptoticaly stable on the positive orthant except the positive half x-axis, which is
the stable manifold of the DFE.

Proof: For the computation of the basic reproduction ratio R0, we can recognize the
expression βx〈y | eω 〉 e1 in the system (18) which coming from another compartments
due to contamination. The Van Den Driessche method in section 2 can be used. For the
global stability of the DFE, the authors used the following Lyapunov-LaSalle function:

VDFE = β 〈(−A)−T eω | y〉

The endemic equilibrium (x̄, ȳ) of ( 17) satisfies these equations:

x̄ =
x∗

R0
> 0

Since R0 > 1, we have x̄ < x∗, and (6) shows that ϕ(x̄) > 0. Or

β x̄ =
α1 . . . αn

γ1 . . . γn
αn+1 > αn+1 > γ0

So,

ȳn+1 =
ϕ(x̄)

β x̄− γ0
> 0

and
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ȳ =
β x̄

β x̄− γ0
ϕ(x̄) (−A−1) e1

For the proof of the global asymptotic stability of the endemic equilibrium, the authors
of [5] consider as in section 4 the following function VEE , defined on the non-negative
orthant Rn+2

+ :

VEE = a0(x− x̄ lnx) +
n+1∑
i=1

ai(yi − ȳi ln yi)−K

with K = a0(x̄ − x̄ ln x̄) +
∑n+1

i=1 ai(ȳi − ȳi ln ȳi) where they choose the coefficients
(a0, a) ∈ Rn+2

+ so that in the expression of V̇EE along the trajectories of (17), all the
linear terms in x, y1, . . . , yn and bilinear terms in x yn+1 disappear.

It’s derivative is given by:

V̇EE = −µ
(x− x̄)2

x
+ γ0 (yn+1 − ȳn+1)

(x− x̄)
x

+β x̄ ȳn+1

[
(n + 2)− x̄

x
− x

x̄

yn+1

ȳn+1

ȳ1

y1
− y1

ȳ1

ȳ2

y2
− · · · − yn−1

ȳn−1

ȳn

yn
− yn

ȳn

ȳn+1

yn+1

]
They used the inequality between the arithmetical and geometrical means to deduce that,
excepted the term γ0 (yn+1− ȳn+1)

(x−x̄)
x the two others are negative. Using the relation

ẋ = −(µ + β yn+1) (x− x̄)− (yn+1 − ȳn+1)(β x̄− γ0)

they consider the following candidate Lyapunov function

V (x, y) =
γ0

β x̄− γ0
(x− x̄ lnx) + VEE

The preceding computation gives

V̇ = −µ
(x− x̄)2

x
− (µ + β yn+1)

(x− x̄)2

x

+β x̄ ȳn+1

[
(n + 2)− x̄

x
− x

x̄

yn+1

ȳn+1

ȳ1

y1
− y1

ȳ1

ȳ2

y2
− · · · − yn−1

ȳn−1

ȳn

yn
− yn

ȳn

ȳn+1

yn+1

]

This proves that V̇ is negative definite on the non-negative orthant.
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5.2. The S Ei1 · · · Ein I S models with k linear chain of compartments

In order to model a distribution lag which is approximated by a convex sum of Erlang
distribution (probability density function), the authors in [5] consider a model with k
chains.

They wrote the system in a analogous form as (18) with some modifications where y
denotes the state vector corresponding to the latent classes and decomposed the vector y in
k blocks, y = (y1, y2, . . . , yk) corresponding to the k parallel chains. Each vector-block
yi is of length ni, the length of the ith-chain. yi = (yi,1, · · · , yi,ω) with the convention
that yi,ω is the last component of yi. The notation ω plays a role similar to the syntax end

in MATLAB. We denote by x and z the state of the susceptible and infectious respectively.
The state vector y is in Rn, with n =

∑
ni, and the system is in Rn+2. As usual, by

misuse of language, they identify Rni with it’s canonical injection in Rn+2. According
to this identification, ei,j will denote the j-th canonical vector of Rni , in other words it is
the vector numbered 1 + n1 + · · ·+ ni−1 + j. The last vector of Rni will be denoted by
ei,ω and the last vector of Rn+2, corresponding to z, will be denoted by eω.

The figure is given by

S I

p1

p2

Figure 4. The S E1 · · · En I S model with k linear chain of compartments

Then the dynamics of the model is given by the following system

 ẋ = ϕ(x)− β x z + γ0 z
ẏ = β x z b + A y
ż = cT y − αz z

(20)

where A is a n × n diagonal block matrix A = diag(A1, · · · , Ak). The i block Ai is a
ni × ni matrix as in (5.1), where the coefficients α and β appearing in (5.1) are indexed
by i, i.e αi,j for j = 1, · · · , ni and γi,j for j = 1, · · · , j − 1.

The matrix cT is a 1× n matrix given by

cT = [γ1,ω eT
1,ω, · · · , γk,ω eT

k,ω]
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corresponding to each output of the last compartment of each latent chain entering the
infectious compartment.

The vector b is

b = π1 e1,1 + · · ·+ πk,1 ek,1

corresponding to the input in each first compartment of each latent chain, with π1 + · · ·+
πk = 1.

Denoting by Ã the block matrix

Ã =
[

A 0
cT −αz

]
their principal results are given in this theorem

Theorem 5.2 For the system (20),

the basic reproduction ratio of the system is given by

R0 = β x∗ 〈eω | (−Ã−1)b〉

1) The system (20) is globally asymptotically stable on Rn+2
+ at the DFE

(x∗, 0, . . . , 0) if and only if R0 ≤ 1.

2) If R0 > 1 then the DFE is unstable, there exists a unique strongly endemic
equilibrium (x̄, ȳ, z̄) � 0 in the positive orthant. The endemic equilibrium is globally
asymptotically stable on the non-negative orthant, excepted for initial conditions on the
non-negative x-axis.

Proof: The system (20) is in the form (18) used in section 5.1. In that form, the
computation of R0 is the same as in section 2. For the global stability of DFE when
R0 ≤ 1, the authors used in [5] the following Lyapunov-LaSalle function :

VDFE = β〈(−Ã)−T eω |
(

y
z

)
〉

When R0 > 1, the endemic equilibrium exists and we have
x̄ = x∗

R0

ȳ = ϕ(x̄) (−A)−1 b
z̄ = ϕ(x̄)

β x̄−γ0

(21)

For the global stability of endemic equilibrium when R0 ≥ 1, the authors used in [5] the
following function

VEE = a0(x− x̄ lnx) +
k∑

i=1

ai (yi − ȳi ln yi) + an+2 (z − z̄ ln z)−K
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It’s derivative gives

V̇EE = a0 ϕ(x) (x−x̄)
x + γ0 (z − z̄) (x−x̄)

x

+βx̄ z̄
∑k

i=1 πi ai,1 [(ni + 2)− x̄
x −

yi,1
ȳi,1

x
x̄

z
z̄

−
∑ni

j=2
yi,j−1
ȳi,j−1

ȳi,j

yi,j
− yi,ω

ȳi,ω

z̄
z ]

With this expression of V̇EE , we have like in the case of one linear chain in subsection
5.1 that

V (x, y, z) =
γ0

β x̄− γ0
(x− x̄ lnx) + VEE(x, y, z)

is a Lyapunov strict function.

6. Conclusion

In section 2, we have presented the Van Den Driessche method of computaion for the
basic reproduction ratio R0. This method is used in epidemiology literature by many
authors, like the authors of [1, 2, 3, 5].

In sections 3 and 4, we have given the results obtained by the authors of [1, 2], where
they obtained the global asymptotic stability of the DFE and the following condition for
the global asymptotic stability of the endemic equilibrium

R0 � 1 and u β ϕ(x̄) ≤ µmα∗

The stability result obtained here by the authors improves the one of De Leenher and
Smith [17].

In subsections 5.1 and 5.2, we remark that the authors have given a complete anal-
ysis of the models S E1 · · · En I R with latent classes. The latent classes are made up
by parallel chains of different lengths and are inserted between the susceptible and the
infectious compartments. They compute the basic reproduction ratio R0 as in section 2
and prove that if R0 ≤ 1, the disease free equilibrium is globally asymptotically sta-
ble on the non-negative orthant. If R0 > 1 then a unique endemic equilibrium exists in
the non-negative orthant and is globally asymptotically stable without condition, on the
non-negative orthant, excepted on the S-axis.
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