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ABSTRACT. This paper deals with an hyperbolic inverse problem of determining a time-dependent
coefficient a appearing in a dissipative wave equation, from boundary observations. We prove in
dimension n greater than two, that a can be uniquely determined in a precise subset of the domain,
from the knowledge of the Dirichlet-to-Neumann map.

RESUME. Dans ce travail, on étudie le probl éme inverse de la détermination d’un coefficient dépen-
dant de la variable d’espace et du temps apparaissant dans une équation d’'onde dissipative, a partir
des mesures faites sur tout le bord du domaine. On démontre que ce coefficient peut étre déterminé
d’'une maniére unique dans une partie précise du domaine a partir des mesures de type Neumann.
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1. Introduction

1.1. Statement of the problem

The present paper is devoted to the study of the following hyperbolic inverse problem:
Given T' > 0 and a bounded domain €2 ¢ R™, n > 2, with C* boundary I' = 052, determine
the absorbing coefficient a present in the following initial boundary value problem for the
wave equation from boundary observations

?u—-Au+a(z,t)ou=0 in Q=Qx(0,7T),
u(2z,0) =0, du(x,0)=0 in Q, (1)
u(z,t) = f(z,1) on X =Tx(0,T),

where f € H1(X), and the coefficient a € C%((Q)) is assumed to be real valued. It is well
known (see [10] and [9] ) that if the compatibility condition is satisfied, thatis f(-,0) = 0,
then, there exists a unique solution « to the equation (1) that belongs to the following
space

weC([0,T],H () nC*([0,T], L*(Q)).

Moreover, there exists a constant C' > 0 such that we have

lovull sy < 112y )

where v denotes the unit outward normal to I" at  and 0, u stands for Vu-v. In the present
paper, we focus on the uniqueness issue in the study of the inverse problem of determin-
ing the time-dependent absorbing coefficient a from the knowledge of the Dirichlet-to-
Neumann map.

From a physical view point, the inverse problem under consideration consists in re-
covering the absorbing coefficient ¢ in an homogeneous medium by probing it with dis-
turbances generated on the boundary. The data are the responses of the medium to these
disturbances measured on all the boundary. Here the coefficient a can be seen as one of
the medium properties and we aim to recover it in a specific subset of the domain from
boundary measurements, after probing the medium by a Dirichlet data f. The medium is
assumed to be quiet initially.

The problem of recovering coefficients that depend only on the spatial variable is
considered by many authors. In [16] Rakesh and Symes proved a uniqueness result in
recovering a time-independent potential appearing in a wave equation from measurements
made on the whole boundary. The main tools in the derivation of this result are first, the
construction of geometric optics solutions and second, the relation linking the hyperbolic
Dirichlet-to-Neumann map to the X-ray transform. As for the uniqueness from local
Neumann measurements, we refer to Eskin [7]. One can also see the paper of Isakov [11],
in which a uniqueness result was proved in the determination of two time-independent
coefficients appearing in a dissipative wave equation.

The stability in the case where the Neumann data are observed on a subdomain of the
boundary was considered by Bellassoued, Choulli and Yamamoto [1], where a stability
estimate of [og-type was proved in recovering a time-independent coefficient appearing
in a wave equation. In [13], Isakov and Sun established a stability result of Holder type in
determining a coefficient in a subdomain from local Neumann data. As for the stability in
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the case where Neumann data are observed on the whole boundary, we refer to Sun [21],
Cipolatti and Lopez [6].

When the coefficients depend also on the time variable, there is a uniqueness result
proved by Ramm and Rakesh [17], in which they proved that a time-dependent potential
appearing in a wave equation can be uniquely determined in a precise subset made of lines
making an angle of 45° with the ¢-axis and meeting the planes ¢ = 0 and ¢ = T outside Q,
from global Neumann-data. It’s clear from [10] that this coefficient can not be recovered
over the whole domain () and this is actually due to the homogeneous initial conditions
imposed in the system. However, Isakov proved in [12], that the time-dependent coef-
ficient may be uniquely determined over the whole domain (), but he needed to know
much more information about the solution of the wave equation. We can also refer to
[8, 18, 19, 20].

Inspired by the work of Bellassoued and Dos Santos [2], Waters [22] proved recently
that one can stably recover the X-ray transform of a time-dependent lower order term
present in a wave equation from the knowledge of the Dirichlet-to-Neumann map, in
the Riemmanian case. In the euclidian case, Ben Aicha [5] and Kian [14, 15], showed
by taking inspiration from the work of Bellassoued-Jellali-Yamammoto [3, 4], stability
results in the recovery of a zeroth order time-dependent coefficient appearing in a wave
equation.

In this paper, we prove that the time-dependent absorbing coefficient a can be uniquely
determined with respect to the Dirichlet-to-Neumann map in a specific subset of the do-
main (), provided that a is known outside this subset.

1.2. Main results

In order to state our main result we first introduce the following notations.
Let r > 0 be such that T > 2r and Q ¢ B(0,7/2) = {:c e R", |z| < 7‘/2}. We set
Q. = B(0,r/2) x (0,T). We consider the annular region around the domain 2,

MT:{xGR", f<|x|<T—f},
2 2

and the forward and backward light cones:

<€+:{ ) eQ,, <t—f,t>f},
s {@neQ i<ttt

%{={(x,t)e@r7 |x|<T—g—t,T—g>t},

r T
%T:{(Ivt)eQra ‘x|§§—t, OStﬁi}.

Finally, we denote
Qr=%¢"n%, and Q,.=QnQ;.

We remark that the open subset (), « is made of lines making an angle of 45° with the
t-axis and meeting the planes ¢ = 0 and ¢ = T outside @,.. We notice that Q... c Q. Note,
that in the particular case where Q = B(0,7/2), we have Q,. . = Q; (see Figure 1 in [5]).
Our set of data will be given by the the Dirichlet-to-Neumann map A, defined as
follows
A2 HY(D) — LA(Y)
T
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By (2) we have that A, is continuous from H'(X) to L?(X). We denote by |[A,| its
norm in L(H'(X),L*(¥)). Let us now introduce the admissible set of the absorbing
coefficients a. Given ag € C2(Q,.) and M > 0 we set

Aag, M) ={aeC*(Q,), a=ao in Q. Qrx, [alezq) < M}
Having said that we may state the main results of this paper

Theorem 1.1 (Non uniqueness) For any a € A(ag, M) such that Supp(a) c €,., we have
Ag = Ao

Theorem 1.2 (Uniqueness) Let T > 2Diam(2) and a; € A(ag, M), i = 1,2. Then, we
have
Ao, = Ao, implies  az=a1 on Q..

The outline of this paper is as follows. In Section 2, we develop the proof of Theorem
1.1. Section 3 is devoted to the construction of geometric optics solutions to the equation
(1). Using these particular solutions, we prove in Section 3 Theorem 1.2.

2. Non uniqueness in determining the time-dependent
coefficient

In this section we aim to show that it is hopeless to recover the time-dependent coef-
ficient a over the whole domain in the case where the initial conditions are zero.

2.1. Preliminary

This section is devoted to the proof of a fundamental result which is borrowed from
[10]. Let us first introduce the following notations. We define

V=U D)= U (& ni{t="1)}),

o<r<t! o<r<t’

where 0 <t/ <r /2. Moreover, we denote by
S = 0%, n(2x]0,t'[), and 0V =SuD(t")u D(0).
Lemma 2.1 Let us denote by u the solution of the dissipative wave equation
(é‘t2 -A+ a(a:,t)(?t) u(z,t) =0 inQ,
u(x,0) =0 = dyu(z,0) in€,

u(z,t) = f(x,t) onY.
Then, u(x,t) = 0 on the set G,.
We denote by P = 02 — A + a(x,t)d;. A simple calculation gives us

fQPu(x,t)(?tu(z,t)do:dt = f26§u(z,t)6tu(:z:,t)dxdt—f2Au(z,t)6tu(z,t)dxdt
v v v
+/V2a(x,t)|6tu(x,t)|2dxdt )
= fvé‘t(|6t|2+|vu|2) dxdt+fvj;&’j(é’tu6ju)dxdt

" fv 2a(x, t)|0su(e, t)[2 da d.
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Then, using the above identity, we see that
LZPu(x,t)atu(x,t)dxdt = fvate(x,t)dde'/VZ6ij(x,t)dxdt+/‘;2a(m,t)|6tu(ac,t)|2dxdt,
j=1

where e(z,t) = |Oyu(x,t)|? +|Vu(z,t)[* and X;(z,t) = -20,u(x,t)0;u(x,t). Next, by
applying the divergence theorem, one gets

/VQPu(:L‘,t)(?tu(m,t)dxdt = [q(e(x7t)n+j;Xj(x,t)uj)da+/D(t,)e(m,t)dx—/D(o)e(x,O)dx

N fv 2a(z, 1)|0u(z, )| de dt, 3)

where do denotes the surface element of S and the vector (1, ji1, i, ..., ftn) € R™ is
the outward unit normal vector at (x,t) € S such that

. 1/2
"= (Z u?-) . )
j=1

On the other hand, from Cauchy-Schwarz inequality and (4), we can see that

v

L(e(m,t)n + é X;(z,t)p;)do fs (|6tu(ac,t)|2 + |Vu(:c,t)|2) 1 = 2|0pu(x, t)||Vu(a, t)|ndo

0. &)

v

Then, since e(x,0) = 0 we get from (3) and (5) this estimation
A dr < f2Pa ,tddt—fz J)|0u(z, t)? da dt
L(t’)e(x ) dx 2P u(x,t) de . a(z,t)|0su(z, t)|” d
Now, using the fact that Pu(x,t) = 0 for any (x,t) € V, we get

fD(t,) e(z,t") dx sCfOt' [D(t) (e(x,t) +|u(x,t)|2)dxdt, ©

where, the positive constant C' is depending on M. Now bearing in mind that

t t’
lu(z, t)]? = |u(z,0)* + [0 Oy (Ju(z, t)|?) dt < fo e(x,t) du. 7

Thus, from (6) and (7) we deduce that

fD(t,) (e($7ﬁ')+|u(w7t’)|2)dxsfot’fD(t) (e, 1) + Ju(z, 1)) da d.

In view of Gronwall’s Lemma we end up deducing that u(z,t) = 0 for any = € D(¢’) and
t' € (0,7/2). This completes the proof of the lemma.
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2.2. Proof of Theorem 1.1
Let a € A(ag, M) such that Supp(a) c %, Let f € H'(X) and u satisfy

O?u—-Au+a(x,t)du=0 in Q,
u(z,0) =0, du(xz,0)=0 in Q,

u=f on X,

Since from Lemma 2.1, we have u = 0 in the conic set %,. and using the fact that Supp(a) c
%, we deduce that u solves also the following hyperbolic boundary-value problem

0?v-Av=0 in Q,
v(x,0) =0, dv(x,0)=0 1in Q,

v=f on X.
Then, we conclude that A, (f) = Ag(f) forall f e H'(X).

3. Construction of geometric optics solutions

In this section, we construct suitable geometrical optics solutions for the dissipative
wave equation (1), which are key ingredients to the proof of our main result. We first state
the following lemma that will be used in order to prove the main statement of this section.

Lemma 3.1 (see [10]) Let T, My, My > 0, a € L*(Q) and b € L>(Q), such that
lallr=(q) < My and |b|p~(q) < Ma. Assume that F € L'(0,T;L*(2)). Then, there
exists a unique solution u to the following equation

02u — Au+a(x,t)0pu + b(x, t)u(z,t) = F(z,t) in Q,
u(z,0) =0 = dpu(x,0) in Q, (8)

u(z,t) =0 on ¥

3

such that
weC([0,7); H (2)) nC ([0, 7] L*(2).

Moreover; there exists a constant C' > 0 such that for t € (0,T) we have
[0, ) |20y + VUl ) | z2(0) < ClF |22 0,7;02(0))- ©)

By the use of the above lemma, we may construct suitable geometrical optics solutions
to the equation (1) and to the retrograde problem. We shall first consider a function
¢ € Cs°(R™). Notice that for all w € S™~! the function ¢ given by

P(x,t) = p(z +tw), (10)
solves the following transport equation
(0:~w-V)o(,t) = 0. (11

Let us now prove the following Lemma.
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Lemma 3.2 Let My, Mz >0, a € A(ag, My) and b € Wh>(Q) such that [|b] 1. gy <
My. Givenw € 8™ ! and o € C° (R™), we consider the function ¢ defined by (10). Then,
for any A > 0, the following equation

02u— Au+a(x,t)0pu+ bz, t)yu=0 in Q, (12)
admits a unique solution
u* e C([0,T]; H'(2)) nC'([0,T]; L*(2)),
of the following form
ut(z,t) = ¢z, )T (x,1) e T 4p* (2 1), (13)
where @* (x,t) is given by
1 rt
Zf(x,t):exp(—§_/0 a(a:+(t—s)w,s)cls)7 (14)
and r* (x,t) satisfies
r*(x,0) = 0;r*(2,0) =0, inQ, r"(z,t)=0 on . (15)
Moreover, there exists a positive constant C' > 0 such that
M2y + 107" [ L2(@) < Clel us (rny- (16)
In order to prove this lemma, it will be enough to prove the existence of r* satisfying
((’7’,52 - A+a(z,t)o + b(:lc,t))r+ =g(x,1),
r*(x,0) = 0pr*(x,0) =0, 17
r*(z,t) =0,
and obeying the estimate (16), where g(x,t) is given by
g(w,t) = =(07 = A+ a(w, 1)0, + b, 1) ) (¢, )@ (, 1)),
Bearing in mind that @* (z, t) solves the following equation
200 —~w-V)a'(z,t) = -a(z, t)a (x,t),
one can see from (11) that
g(@,t) = =D (67 - Ava(z, 0)0r+b(x, 1) )z, 0T (2,1) ) = XD go (2, 1),

where go € L1 (0, T, L?(Q2)). Hence, in light of Lemma 3.1, we deduce the existence of a
unique solution r* such that

" e C([0,T]; Hy () nC ([0, T]; L*(2)),
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and satisfying (17). We set
t
w(z,t) = [ r*(x,s)ds. (18)
0

Then, in light of (17) and (18), we get
(6,52 -A+a(z,t)o, + b(x,t))w(az, t) = fot g(x,s)ds+ fot (b(x,t) - b(x, s))r+(x, s)ds
+ /Ot Osa(x,s)r* (x,s)ds,
Then, the function w is a solution to the following equation

(6? - A+a(z,t)0 +b(z, t))w(ﬂc,t) = Fi(z,t) + Fo(x,t) in Q,
w(x,0) =0 = dyw(x,0) in Q,
w(z,t) =0 on X.
Here I and F3 are given by
Fi(z,t) = /Otg(ams) ds, (19)
and
Fy(x,t) = fot (b(x,t) - b(a:,s))f'(x,s) ds + '/(;t Osa(x,s)r*(x,s)ds
Considering 7 € [0, 7] and applying Lemma 3.1 on the interval [0, 7], we obtain
[2w( ) ey < C(IF3aqy + T (M7 +403) fo /Q /Ot I (2, )| ds e dt).
Therefore, in view of (18), we deduce that
ooy < (IR + [ [ 0.0 5) 32y ds )
C(IFi oy + T [ 100(15) 30 ds).

As a consequence, we find out from Gronwall’s Lemma that

A

IA

[0sw (s T) 72y < CIFZ2(q)-

Hence, from (18), one deduce that |[r* |12y < C||Fi|12(g). In view of (19), one can
easily see that F; can be written as follows

¢ 1 ¢ iIANT-w+s
Fl(a:,t):/(; g(x,s)d(s:afo go(x, )0, (e +))d5.

Therefore, by integrating by parts with respect to s, we get

C
I 22y < S lelasany,

for some C' > 0. Since ||g z2(g) < C|l¢| g3 (rn) and using the energy estimate (9) associ-
ated to the problem (17) we obtain the following estimation

[0er |2y + VTl 2(q) < Clelms(amy.-

This completes the proof of the lemma.
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Lemma 3.3 Let My, M >0, a € A(ag, My), andb e W (Q) such that |b]|yy1. () <
My. Givenw € 8™t and p € C (R™), we consider the function ¢ defined by (10). Then,
the following equation

07u — Au—a(x,t)0pu+ bz, t)u=0 in Q, (20)
admits a unique solution

u” e C([0,T]; H' () nC ([0, T]; L* (%)),

of the following form
u(z,t) = p(z + tw)a (z,t)e @D L0 (2, 1), 1)
where @ (z,t) is given by
— 1 rt
T (a.t) = exp (5 fo ala + (- s)w,s) ds). (22)
and r~(x,t) satisfies
r (z,T) =0 (2, T)=0, in Q, 7 (x,t)=0 on 3. (23)

Moreover, there exists a constant C > 0 such that

AMr=lz2c@) + 10er7 [ 22(@) < Cllellas(rm)y- (24)

We prove this result by proceeding as in the proof of Lemma 3.2. Putting
G(x,t) = =(07 - A= a(z, )0, + b(, 1)) (6w, )T (z,£)e A<D,
Then, it is easy to see that if 7~ (x, t) is solution to the following system

(at2 ~ A —a(x,t)d; + b(x, t))r‘(x, t)=g(x,t) in Q,
r(x,T)=0=dyr (x,T) in £,

r~(z,t) =0 on ¥,

then, r*(x,t) = r~(«,T - t) is a solution to (17) with g(z,t) = §(z,T - t) and a(z,1),
b(x,t) are replaced by a(x,T - t) and = b(z, T - t).

4. Proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2. The proof is based on the ge-
ometric optics solutions constructed in Section 3 and the following preliminary identity.
We need first to introduce the following notations. Letw € S, ay, as € A(ag, M). We
set

a(z,t) = (@ a)(a,t) = exp(— % /:a(x +(t-8)w,s) ds),

where @] and @j are given by

ay (z,1) :exp(%Atal(x+(t—s)w,s)ds), Gy (z,t) = exp (—% fotag(z+(t—s)w,s) ds).

Moreover, we define a in R**' by a = az —a; in Q, and a = 0 on R"*1\ Q,.
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4.1. An identity for the absorbing coefficient

The main purpose of this section is to give a preliminary identity for the absorbing
coefficient a .

Lemma 4.1 Let p € C°(A,) and a1,as € A(ag, M ). Assume that A,, = A,,, then, the
following identity holds

L a(z,t)p?(x + tw)a(z,t) de dt = 0. (25)

In light of Lemma 3.2, there exists a geometrical optics solution u* to the equation

O2ut — Aut + ag(z,t)0ut =0 inQ,

u*(z,0) = dpu* (2,0) =0 in{,
in the following form
ut(x,t) = p(x + tw)ag (z,£)eN T Lt (2 1), (26)

corresponding to the coefficients as, where r* (z, t) satisfies (15), (16). We denote by f
the function _
faz,t) = u*(z,t)m =p(x+ tw)'d;(x,t)e”‘(z'“”t).

We denote by u; the solution of

O?uy — Auy +ay(z,t)0u; =0 inQ,
u1(z,0) = dpui(z,0) =0 in2,
ur(w,t) = fa(x,t) onY.
Putting v = u; — u*. Then, u is a solution to the following system
O?u— Au+ai(x,t)0pu = a(z,t)0ut  inQ,
u(z,0) = dpu(x,0) =0 in (2, 27

u(z,t) =0, onX.

where a = az—a;. On the other hand Lemma 3.3 guarantees the existence of a geometrical
optic solution u~ to the adjoint problem of (1)

('7’t2 T - Au —ay(x,t)0u” - drag (x,t)u” =0 inQ,
u (2,T) =0 (x,T)=0 in Q,
corresponding to the coefficients a; and —d;aq, in the form
u (z,t) = p(x + tw)e‘i’\(w'w”)ﬁl_(:ﬁ, t)+r (z,t), (28)

where r~ (z, t) satisfies (23), (24). Multiplying the first equation of (27) by u~, integrating
by parts and using Green’s formula, we obtain

/Q a(z,t)0u’ u” dadt = fz(Aa2 =Ny (fr)u dodt. (29)



Uniqueness for an hyperbolic inverse problem with time-dependent coefficient 75

On the other hand, by replacing u* and u~ by their expressions, we get
[Q a(x,t)ou’ u” dxdt = f a(z, 1) 0p(x + tw)eN TG da di
+ fQ a(x, t)p(x + tw)eN T ot ™ da dt + f (z,t)0r0(z + tw)p(x + tw) (Tyay )dz dt
N fQ a(z, )2 (& + tw)daay do dt + i\ f f a(z, 1) p(x + 1) e NFS DG o dt
[Q a(z, t)(x + tw)e NG ot da dt + 0N [ a(z,t)p? (x + tw) (a5 ) da dt

[ a(x, )0 r™ dxdt—z)\f a(z,t)? (z + tw)d dz dt + T(N),
where @ = aa7. Then, in light of (29), we have
i\ fQ a(z, )2 (x + tw)a(e, t) do dt = fE(Aaz A () udodt-T(N).  (30)
Note that for A sufficiently large, we have

IZx| < Cllol s (my- 31)

Hence, using the fact that A,, = A,,, we deduce from (30), (31) and by taking A - +oo
the desired result.

4.2. End of the proof

In this section we complete the proof of Theorem 1.2 by the use of the results we have
already obtained in the previous sections. Let us first consider the following set

E={(§7) e R"~{Opn} x R, |7 <[¢]},
and denote by F' the Fourier transform of F' e L' (R"™*') as follows:
(e, r) = f f F(z,)e e de dt.
R JRn

In light of (25), we have as A goes to +oo, the following identity

fQ a(z,t)o?(z +tw) exp( - % fot a(z+ (t-s)w,s) ds) dz dt = 0. (32)

Then, using the fact a(x,t) = 0 outside @, . and making this change of variables y =
T + tw, one gets

T 1 rt
f f a(y—tw,t)apQ(y) eXp(—*f a(y — sw, s) ds) dydt =0.
0 R™ 2 Jo

Bearing in mind that

[OTfn a(y —tw,t) 2(y)exp(—%fta(y—sw st)ds)dydt
—Qf f (y)— exp(—%fo a(y—sw,s)ds)]dydt
T

—2[ (y) exp —%[) a(y—sw,s)ds)—l]dy.
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we conclude that

fRn SOQ(y)[eXp(—%fOTa(y—sw,s)ds)—l]dy:O. (33)

Now, we consider a nonnegative function ) € C§°(R™) supported in the unit ball B(0,1)
such that [[1)[ z2(gny) = 1. We define

on(@) ==, (34)

where y € A,.. Then, for h > 0 sufficiently small one can see that Supp 5, c C5°(A,-) and
satisfies
Supppr,NnQ=2, and Suppyp +Twn)=g.

Then, as h goes to 0 we deduce from (33) with ¢ = ¢, that

1 T

exp(—§ a(y—sw,s)ds)—lzo.
0

Since a = az — a; = 0 outside @, «, we conclude that

[Ra(y—tw,t)dt:Q ae yeA, weS" L (35)

On the other hand, if |y| < g, we notice that

a(y—tw,t) =0, VteR. (36)
Indeed, we have ,
ly—tel >t~y >t - 7. 67

hence, (y — tw,t) ¢ € if t > r/2, from (37). As (y — tw,t) ¢ €, if t < r/2, then we have
(y—tw,t) ¢ € 2 Q. fort € R. This and the fact that @ = az —aq = 0 outside @, .., yield
(36), and consequently,

r
—tw,t)dt =0 <-.
[ aty-tw.tyae =0, <3

By a similar way, we prove for |y| > T'-r/2, that (y—tw,t) ¢ €,” 2 Q, ., for t € R. Then
we obtain
f aly —tw,t)dt =0, ae.y¢d, weS™ L (38)
R

Thus, by (35) and (38) we find
fRa(y —tw,t)dt =0, aeyeR", weS" .

We now turn our attention to the fourier transform of a. Let £ € R™. In light of (38) and
by the use of Fubini’s Theorem, we get

fR f a(z —tw, t)e ™  dedt = 0.

Making the change of variables y = x — tw, one gets

f [ a(y, t)e ¥ e @) gy dt = 0.
R R’!L
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Let us now consider ¢’ € S™~! such that £ - ¢’ = 0. Setting

T 72
w=—=-€+y|1-— - es™
13§ \l 13§

then (£,7) = (§,w-&) € E. We then deduce that @(&, 7) = 0 in the set F. By an argument
of analyticity, we extend this result to R"**. Hence, by the injectivity of the Fourier
transform we get the desired result. This completes the proof of Theorem 1.2.
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