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RESUME. Dans ce papier, on a prouvé une estimation de stabilité de type Héldérienne pour un
probléme inverse de détermination du terme source de I'équation de la chaleur a I'aide d’une inégalité
de Carleman pour un systéme d’équations hyperbolique-parabolique couplé.

ABSTRACT. In this paper we consider a coupled system of mixed hyperbolic-parabolic type which
describes the Biot consolidation model in poro-elasticity. Using a local Carleman estimate for a cou-
pled hyperbolic-parabolic system, we prove the uniqueness and a Hélder stability in determining the
heat source by a single measurement of solution over w x (0,7T), where T' > 0 is a sufficiently large
time and a suitable subbdomain w C €2 such that dw D 9.
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1. Introduction

Let Q C R? an open and bounded domain with C> boundary I' = 92, and let ¢ and
x = (x1,22,23) € Q denote the time variable and the spatial variable respectively. Given
T > 0, we consider a coupled hyperbolic-parabolic system

uy — Ay u— V(A (z)divay) + 01(2)VI=0 inQ=Qx(0,T),
0y — AO + po(x)divu, = g in Q, €))
u(z,t) =0, 6(z,t)=0 on ¥ =T x(0,7),

where the .; stands for the time derivative, V = (01,02,03), and A, , is the elliptic
second order linear differential operator given by

Auav(@) = pAV(E)+ (4 -+ N(V(div(z))
+ divv(z)VA(z) + (Vv + (VW) Vu(z), zeQ, 2)

for v = (v, v, v3)T, where .7 denotes the transpose of matrices. Throughout this paper,
u = (uy,uz,u3)’ denotes the displacement at the location 2 and the time ¢, and § =
6(x,t), the temperature, is a scalar function, g € H'(0,T; L?(£2)) is a heat source. We

will assume that the Lamé parameters p, A € C2(9), satisfy
w(x) > po >0, Ax)+2u(xr) >0, Vre.
and \* € C?(Q) is the consolidation coefficient which satisfy :
A (z) > ko > 0, z € Q.
Furthermore, the coupling coefficients o1, 0o satisfies :
(01, 02) € (C3(Q))?%; 01(x) > 09 >0 in forallz € Q.

We assume that the heat source is given by

9(@,t) = q(x)k(z,1), 3)
where k € W2°°(Q) and g € H?(Q).

We can prove (e.g., [1, 5]) that the system (1) possesses a unique solution

(u,0) = <H<A*,gl,m)»9(»,@1,92)>v

Let w C ) be a given arbitrarily subdomain such that dw D I',i.e. w = Q NV where
V is a neighbourhood of T on R3 and let k and o € (0, T') be appropriately given.

Inverse Problem : Determine ¢(x), x € €0, by measurements
u |w><(O,T)7 u(IatO)a and g(xatO) z €

The main subject of this paper is the inverse problem of determining of g, in the Biot
consolidation model in poro-elasticity, uniquely from observed data of displacement vec-
tor u on a suitable subdomain w C €2 and the observation data of u and 6 at given a



Inverse heat source problem for a coupled hyperbolic-parabolic system 9

suitable time ty. Such kinds of observation data are similar to those considered in (e.g.

(2], [3]. [4D.

The key ingredient in our argument is an L?-weighted inequality of Carleman type
for coupled mixed hyperbolic-parabolic system. We prove a Holder stability estimate in
our inverse problem. We note that the uniqueness in the inverse problem follows directly
from the Holder stability.

1.1. Statement of main result
Lettg € (0,7) and 79 € R3 \ Q such that

1
—— max |z — xo| < min{te, T — to}, )
To ze

where o € (0, f10)-

We denote (u, §) the solution of (1) corresponding to (g1, 0, A*).

Theorem 1.1 Let o € R?\ Q and ty € (0,T) satisfies (4).
Let k € W2°°(Q) such that || k||y2.c <M and

k(zx,t9) # 0, x €.
We assume that the solution (u, 0) satisfies the a priori boundedeness :

1l g2 0.7 12 (02)) + 101l 212 0,7522(02)) < Mo, ®)

for some given positive constant M.
Then there exist constants C > 0 and ¢ € (0, 1) such that the following stability estimate
hold

la(@) |20y < CUN s o 0,19 FNOC 20) | 112 oy FIe (s 20) | 15 oy et (-5 t0) | 1))

By Theorem 1.1, we can readily derive the uniqueness in the inverse problem

Corollary 1.2 Under the same assumptions as in Theorem 1.1, we have the uniqueness.
Let (u, 0) satisfy the Biot system (1) such that

u(z,t) =0, (z,t) e wx (0,T)

and
U(I,to) = O7 a(x,to) = 0, x €.

Then
q(z) =0 forall z € Q.

The remainder of the paper is organized as follows. In section 2, we give a Carleman
estimate for a coupled hyperbolic-parabolic system. In section 3, we prove Theorem 1.1.
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2. Carleman estimate

Here we present a Carleman estimate, which was proved in [3]. For formulating our
Carleman estimate, we introduce some notations. Let ¢ : 2 x R — R by setting

Y(z,t) =V(x) — B((t —t9)? — M) = |x—x0\2 —B((t—ty)> = M), z€Q, (6

for M > 0 large, where g € R® \ Q and to € (0, T) such that

min{t2, (T — t9)?} > ry* <max19(as)) . @)
e
We fix § > 0 and $ > O satisfying
Bmin{t, (T — t9)*} > maxd(z) +J, 0< B <rp. (8)
€N

Therefore, by (6) and (8) the function ) (z, t) verifies the following properties
P(x,0) < BM -6, (x,T) < BM —6, forall z e, )

there exists € € (0,7/4) such that

max (x,t) < M — g, forall ¢ e (0,2¢) U (T —2¢,T), (10)
e
and
min i (x,ty) > BM. (11)
ze

We next introduce a function ¢ : Q x R — R by
pl,t) = V0 = p(a)alt), 7 >0, (12)
where + is a large parameter, p(z) and «(t) are defined by

p(x) = e(z=zol*+BM) > ¥BM = g, vz € O and at) = e P10’ < 1 vt ¢ (0,7)

(13)
and let
o =o(x,t) = syp(x,t). (14)
We use usual function spaces, H* (@), and
H*'(Q) = H'(0,T; L*(Q)) N L*(0, T H*(Q)).
Let (v, y) a solution of the linear Biot consolidation system
vi(z,t) — Ay av(z, t) — V(X divvy(z,t)) + 01 Vy(z,t) = f(z,t) in Q, (15)
ye(xz,t) — Ay(z, t) + godivve(z, t) = h(z,t) in Q,
such that
Supp(v(-1)) C Q, Supp(y(:,t)) C forall ¢ € (0,7).
0v(x,0)=0/v(x,T)=0, y(x,0)=y(z,T)=0 forall z€Q,;j=0,1
(16)

The following theorem is a weighted Carleman estimate with second large parameter
for Biot’s consolidation system (15) with assumption (16).
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Theorem 2.1 (Carleman estimate) There exist two constants v, > 0 and C > 0 such
that for any 7y > 7., there exists s, = s.(7y) > 0 such that the following estimate holds

c/ (o’ Vouv]? +0° [v]? + o* |divv]® + 6° [divve | + o2 [Vdivv]? + o [Vdivy,|®
6—2&- \Ay\Q + 02 |Vy|2 + ot |y|2 )eQSV’d:c dt
< /Q(f|2 +VE? + 7o |22 P da dt
+/ (7_1 |Adivv(, to)[* + v [divve(z, to) |
3—04 |divv(z, to)|> + o2 |Vdivv(z, to)[? )eQS“"al:zjdt7 (17)

for any solution (v,y) € H*(Q) x H*>(Q) to problem (15) which satisfy (16) and any
S > Sy.

The proof is given by Bellassoued and Riahi [3].

3. Proof of the main result

This section is devoted to the proof of the Theorem 1.1. The idea of the proof is based
on the Carleman estimate method in [3]. A usual methodology by [2, 3].

3.1. Preliminaries estimate

Lemma 3.1 Let w be an open subdomain of Q) with regular boundary Ow O T. There
exists constants vy, s« and C' > 0 such that for any s > s, and any v > 7y, the following
estimate holds :

/ ot [v]® e**?dxdt < C’/ 0% |Vol? e**?dadt (18)
wx (0,T) wx(0,T)

forany v € H*(w x (0,T)) such that v(z,t) = 0 on dw x (0,T).

Proof We multiply Vv by (V)ve?® and using the divergence theorem, we obtain
/Vv (Vo) e*?dr = —/ vdiv((Ve) v e**%)dx

—/ > Ap e*9dx — 25/ v |V|? 2% da

—/ Vo - (Vp)v e*?dx.

Therefore,
2/ oVu - (V) v e**Pde = 72/ o |v]? |VI]? 2% da
2 2s¢ 2 2 2sp
—/0|v| Ad e dm—7/a\v\ |VY|” e“*d.
w w

Taking v > v, and s > s, sufficiently large, we obtain for any ¢ > 0

C/ o |u]? e**?dx < Cg/ \Vv|2623‘pdm+5/ o? |v|? e2*¢du. (19)
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Integrating in (0,7") and taking ¢ small we obtain
C/ o? |v|? e2*¢dx < C/ Vo] €25 dzx. (20)
wx (0,T) wx(0,T)
Applying the last inequality to o>v we obtain

/ ot v]? e2*¢dx < C/ o? |Vu|? e2*¢du, 21
wx (0,T) wx(0,T)
for any v > v, and s > s.. This completes the proof. Hence, by Lemma 3.1, we obtain

the following Lemma.

Lemma 3.2 Let (v,y) € H*(Q) x H*1(Q), satisfying

Ve — Apav — V(A (z)divvy) + 01 () Vy = (2,t) € Q,
Yt — Ay + QQ(‘T) diVVt =h (‘T7t) € Qa (22)
v =0, y=0 (z,t) € X,

and

Alv(x,0)=dv(z, T) =0, y(z,0)=y(x,T)=0 forall zcQ,j=0,1.
(23)
There exist positive constants 7, and C > 0 such that, for any v > =, we can find s, and
D, the following inequality holds

/Qezs“’ (a |va|2 + 0% [v]? + o |divv]? + o° [divvy|* 4 02 [Vdivy]?
+0 |Vdivve|* + |Ay)* + 62 |[Vy]> + ot |y )dxdt < C’/Q (’y_la |h)?
+o? |2 + |VE]? )d:cdt + CeDS( VI 0.1y
+ ||V('at0)||§{3(sz) + ||Vt(‘at0)|\12ql(sz) ), (24)
forany s > s,.
Proof Let w’ C w such that Ow’ D T'. In order to apply Carleman estimate, we introduce

a cut-off function y satisfying 0 < y < 1, x € €>°(R3), x = 1in Q\w’ and suppy C €.
Put

V(z,t) = x(@)v(z,t),  ¥la,t) = x(@)y(z,t).
Noting that (v,7) € H*(Q) x H*'(Q), and satisfying

{ Vit — Aav — V(A dive,) + oo Vi = (,1) € Q, 25)
Up — Ay + oodivv, =g (z,t) € Q,
with
Supp(V(+,1)) C 2 Supp(y(-,t)) CQ, Vte (0,T).
Here
f x(@)f(z,t) — [Aux, x]v — VN Vxve) — X (Vx)divve + 01y Vi,

x(@)f(x,t) + Piv+ Q1ve + Aoy
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x(@)h(z,t) = 2Vx - Vy — yAx + 02VX - V¢
x(@)h(z,t) + A1y + Qovy

Q)
|

and P;, @1, A; are a first order partial differential operators with the coefficients are sup-
ported in w’ and Ay, Qg are zeroth order partial diffrential operators supported also in w’.
Noting that (v, y) satisfies (25), then we can apply the Carleman estimate for Biot’s sys-
tem (17) to (V,y), we obtain

C

2% (a Vaov]? + 03 [v]? + o [divv]? + o divv, |
()% (0.7)
+02 [Vdivv]? + o [Vdivwe]* + [Ay[? + 02 [Vy]? + ot [y]? )dmdt
< / ¢ (v G + [ + |VE?) dodt +/ (v 1adiv (. o)
Q Q
+y 7 |divy (, to)|* + o |dive (z, o) |* + o2 | Vdive (z, to)\2>ezs“’dxdt.(26)

Using the first equation of system (22) after taking divergence, we obtain the following
estimate

[P e it < e vl
w’x(0,T)
+ / |Vy|? e2*?dadt + / |V | dadt.
w'x(0,T) Q
By the last inequality and (26), we deduce
C 2s¢p 2 3 2 40 7. 2 309 2 2 . 2
e 0|Vgav]” +0° v+ 0% |divv|” + o° |divvy|” 4 0 |Vdivv]
x(0,T)
+o |[Vdivy |2 + [Ay)? + 02 |[Vy2 + o [y )dxdt
< o/ (7o 1hf? + 162 + V£ ) e
Q
+C(/ ot |y|? e**?dxdt + / o?|Vyl? ezs“oda:dt)
w’x(0,T) w’ % (0,T)
s 2 2 2
+eP (HV||H4(w><(0,T)) + v to)l7rs ) + ||Vt('7t0)HH1(Q)) . @7
Let x; be a cut-off function satisfying 0 < x; < 1, x1 € €°(R?), x1 = 1 in ' and

Supp(x1) C w. Letus consider z(x,t) = x1(x)y(z,t) € H (wx (0,T)) and z(x,t) = 0
for all (z,t) € Ow x (0,T), so that by Lemma 3.1, we have

/ ot ly|® oe**Pdxdt < / ot |2)? e**dadt
w’ %x(0,T) wx(0,T)

< C’/ 0% |Vy|? e**?dxdt + C/ o2 |y|? e**?dudt. (28)
wx (0,7 Q

Furthermore by the first equation of (22), we have

/ o? [Vy[* P dedt < Ce”* V|3 01
w’ % (0,T)
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+ / o? |£? 2% dadt. (29)
Qx(0,T)

Inserting (28) and (29) in (27), we obtain (24). This completes the proof of the Lemma.
Let (v,y) € H?(Q) x H?1(Q) satisfying
Vie — Apav — VN divvy) + oo Vy = (2,t) € Q,
Yr — Ay + 0o divvy = h (z,t) € Q,
v=0,y=0 (x,t) € %

Put
v(z,t) =nt)v(z,t),  ylz,t) =nt)y(z,t).
Noting that (v,9) € H?(Q) x H*'(Q) satisfies
Vi — Ay AV — V(N divvy) + 01 VY = nf + nuv + 2 vy — n, V(A*divv) (=,
Je — AY + 02 div vy = nh +mu(y — o2divv) (
v=0,9=0 (z
Henceforth we fix v > 0 sufficiently large. By N, ., we denote the quantity

N o(v,y) = / e2s%® (s \Vx,tv|2 + 53 |v]? 4 s [divv ] + 5% |divv, |
Q
+5% |Vdivv]® 4 s |Vdivv,|[” + |Ay[* + 2 [Vy[]? + st |y)? )dmdt. (31)
We introduce a cut-off function 7 satisfying 0 < n < 1,7 € C*°(R),n = 1in (2¢,T —2¢)

and
Supp(n) C (e, T — €). Finally we denote

Setting dy = e(PM—9/2)7 by (9), we have
max olx,t) <dy, te(0,2e)U(T—2¢,T). (32)

We have the following lemma :

Lemma 3.3 There exist three positive constants s, C > 0 and D such that the following
inequality holds :

ONsp(V,9) < / (s1hI* + 52 £ + |VE?) €2 dadt
Q

S 2 ; ;
+eP <||V||H4(wx(0,T)) + V(s to) [ aa ) + Hvt("to)”Hl(Q))
S 2 ]
+Os2e2do (”VHHl(O,T:,HZ(Q)) * ||yHL2(Q))’

forany s > s, and any (v,7) € H?(Q) x H*(Q) satisfying (30).

Proof Applying Carleman estimate (24) to (v, y), we obtain
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csz@,mg/ (s|h|2+32|f|2+|Vf|2) ¢ dydt
Q

s 2 2 2
+e” (||VHH4(wx(o,T))+||V('ato)HH3(Q)+||Vt(’7t0)||H1(Q))
[ Gl 4 PP + v [l + (V5 [Tl + (9 i) P2,
Q

forany v > v, and s > s.. Since Supp(n::), Supp(n:) C (0, 2¢) U (T —2¢,T), we obtain
from (32)

/ (% (Imee* + 1) (1?4 [V 4 v+ [V P+ [V + |V (divy) [*) e P dadt
Q

s 2 2
< 052 (vl o mmncay + Wl
This completes the proof of the lemma.
3.2. Completion of the proof of the main result

Consider now the following system

uy — Ay u— V(A*divey) + 01V =0 (z,t) € Q,
925 — A0 + 02 div ur =g (x,t) S Q, (33)
u=0,6=0 (x,t) € 3,

where the heat source term g is given by
g9(z,1) = q(z)k(z,1).
Let v = u; and y = 6;. Then, we have

vie — Ay av — V(N divvy) + o Vy =0 (z,t) € Q,
Y — Ay + g2 divvy = gy (z,t) € Q, (34)
v=0,y=0 (z,t) € X.

We apply Lemma 3.3 to (V, %) solution of the following system

Vi — Ay AV — V(A divvy) + 01 VY = nuv + 2nve — i V(A*divy)  (,t) € Q,
Yr — Ay + 02 divve = gy + me(y — 02divv) (z,1) € Q,
v=0,y=0 (z,t) € 3,
(35)
we obtain the following estimate :
CNs,,(V,9) §/ s|gi|® €2 dadt
Q
s 2 2 2
+eP (||V||H4(w><(0,T)) + V(s to) s ) + Hvt('vtO)HHl(Q))
s 2 2
+C2e™° (Il o zoarzcon) + 1320 ) (36)

for sufficiently large s > 0.
We have the following Lemma
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Lemma 3.4 There exists a positive constant C' > O such that the following estimate
[ et to)P dm<0/ (@ 8)2 + 571 |20 (1)) dact,

forany z € H*(0,T; L*()).

Proof By direct computations, we have

[tk wra = [T [ pe.0f )
= /to/ xtztxtdxdt—i—Q/ /ﬁt xt)| dadt.

/\zxt0|dx<C/ 2(z, ) + 571 2 (2, t) %) dad.

Then, we have

This complete the proof of the lemma.
Second, we apply lemma 3.4 to 1 (z,t) = 1(t)e>*?@y(x,t) = 25¢(@D5(z, t) and
by the second equation of (35), we obtain

/ ) |y (z,to)|* do < / o |§j(z, 1) dadt + / o1 |y (2, t)| dadt
Q Q Q
g/ P @(x,t)|2dxdt+/ o1 gy (x,t)| dadt
Q Q
+ / o 1e®*? |AY(x, t)|? dadt + / o1 e?*¢ |divv,|? dadt
Q Q
-1 _2s 2 2 . 2
b [ ot (o + v ) deds
Q
S/ 0625“"@(:6,1?)|2d:cdt+/ o1 gy (z,t)| dadt
Q Q
+/ o e | Ay(x, t)|? da:dt+/ o1 |divv,|? dadt
Q Q
s 2 2
+e2 0 (V3 ) + W32 )- (37)
Then,
C’s/es”(m)\y(aj,to)|2dﬂc§/ e | gy (1)) dadt
Q Q
25¢p ~12 2 1~2 o2 2sdo 2 2
+ /Q 2 (1AG1 + 02 [§I + |divar]* )dadt + 5 ® ([vl5(0) + 11720
§/ Cd |gt($7t)|2d:vdt+CNs7w(V,§)+5623d°(||v\|i[1(Q)+||y|\iz(Q)). (38)
Q

Moreover, using (36), we get

s/ e2sr(@) |y(x,t0)|2dx < CS/ e ‘gt(%t”z dxdt
Q Q
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s 2 2 2
6P (V133 0,09 + VG ) sy + V2 to) 3 )
s 2 2
+C%e2 % (VI3 0,2y + W32 )- (39)

On the one hand, by the second equation in (33), we have
y(x, to) = Ab(z,tg) — podivv(z, to) + q(z)k(x, to). (40)

Moreover, we have

la(2)] < lg(@)] k(2 to)| < |y(z,t0)| + |AB(z, to)| + [divv(z, to)] . (41)
Then,
/Q 20 |g()|? d < /Q 7@ |y(z, to) | da
+ /Q @) |divv(z, to)|? da + /Q @) | AG(z, to)|? da. (42)
We deduce that
S/QGQSP(“") \q(x)|2daz < s/ﬂe%p(“") \y(x,to)|2 dx
+s /Q 71 |divv (z, t)|* dx + Ce*P || AG(x,0) |2 g - (43)

Inserting (39) into (43), we get
s/ @) |q(z)|* dz < Cs/ €% | gy ()] dadt + Cs?e*% M
Q Q

s 2 2
+Ce” <||VHH4(w><(O,T)) +Iv(sto) 7@
2 2
Vel o)l + 180(, 0) 720y )- (44)

Selecting s € (dy,dy) such that C's?e25% < ¢25% for any s large, we get

s | 2@ \g(z)Pdx < Cs [ €25 z, 1) dedt + €255 M2
q = gi\z, 0
Q Q

+0eP* (Va9 + V(o)
2 2
+ 1ve (s to)l 7o) + ”9('7t0)”H2(Q))' (45)

Now we return to the first integral term in () on the right-hand side term of (45).

T
/Qezsw |q(m)kt|2 dedt < /Qe%p(a:) |q(33)|2 (/0 e—25(p—¢) ||kt("t)||i°°(ﬂ) dt)dl’.

(46)
By the Lebesgue theorem, we obtain

T T
/0 e—25(p—9) ||kt(-at)H2LOO(Q) dt:/o e~ 2sp(x)(1—af(t)) Hkt("t)HiOO(Q) dt
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T
g/ 28000 ||k, )]2e di = o(1), @7
0
as s — oco. By (45), we have
s [le*ql[72 0y < o(1) /Q se2° |q(x)|? dwdt + €2 M?
s 2 2

+CeP (||VHH4(w><(O,T)) + ||V(-at0)HH3(Q)
o vele ) 71y + 106 0) ey )- (48)

for all s > s,.
On the other hand, using the fact that p(z) > d; for all € Q. Then for sufficiently large
5 > 0, we have

2 s 2 2
||q||L2(Q) < Cen (||V||H4(w><(O,T)) + ||V('7t0)||H3(Q)
2 2 — 2
Vel to) 1 0y + 10, t0) 2 (0y) + Ce™72° M. (49)

Finally, minimizing the right hand side with respect to s, we obtain

lall 220y < CUVIga@wx 0,7y FNOC ) 20y H V(s o) | 2oy + Vel to) 71 0)°-

Thus proof of Theorem 1.1 is completed.
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