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RESUME.
ABSTRACT. In this paper we proved the existance and unigness of strong generalized solution of

mixed problems wih integral condition for singular parabolic equaions depending on a theorem proved
in [1] in which a priori estimaion of the solution for such problems was derived.
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1. Introduction

Mixed problems with nonlocal boundary conditions or with nonlocal initial conditions
were studied in Bouziani [3], Byszewski et al [4] and [5], Gasymov [7], Ionkin [8]-[9],
Lazhar [11], and Said-Nadia [12]. The results and the method used here are a further
elaboration of those in [2]. We should mention here that the presence of integral term in
the boundary condition can greatly complicate the application of standard functional and
numerical techniques. This work can be considered as a continuation of the results in [6]

and [13].
In [1] the author considered the following mixed problem in the rectangle @ = (0,1) x
(0,7)
ou 1 0 ou
Lu=—— ——(a™=—)= t 1
l
lu=u(z,0)p(x), |[u(0,t)] < oo, // 2™ u(z, t)dr =0, a > 0. 2)

and he proved the following theorem
Theorem 1 : For any function w € E such that x'* % € Ly(Q) and x= % %xmg—z
€ Lo(Q), the following inequality holds
lull% < el FI, 3)

where ¢ = 2 (I + exp(5%5)).

2. The Main Result

we consider the operator L = (£, ) with the following domain

m O m 0 0
D(L) = {u eFE: x78—1: € LQ(Q)JTa—I(mma—Z) € L2(Q>} ,

acting from F into F’ by the rule Lu = (Lu, u(z,0)).

In a standard way its proved [10] that the operator is closable which we denote by L
with the domain D(L).

Definition : The solution of the equation Lu = F is called strong generalized solution
of the problem (1)-(2). In other words, the function u is called strong generalized solution
of the problem (1)-(2) if there exist a sequence of functions u,, € D(L), such that the
lun, —ullz = Oand || Lu, — F|| = 0atn — oo.

Theorem 2 : Strong generalized solution of the problem (1)-(2) exist and unique for
any F = (f,¢) € F.

Proof. For the sequence u,, € D(L) the following inequality holds

T
ot <2 (14 ex0 (5 ) ) . @
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which implies from theorem 1. Passing in (4) to the limit at n — oo, we get the following
inequality

T
HunH?g (l+exp (2 )) HLunHF,ueD(L) 5)

From (5) implies that strong generalized solution of problem (1)-(2) is unique, the range
R(L) of the operator L is closed in F and R(L) = R(L). Therefore for the proof of
existence of strong generalized solution of (1)-(2) we need to prove that the range R(L)
of the operator L is dense in F.

Since the range of the operator L is dense in a space with the norm

l A 2 l )
([ ™ (gp ) do + 2 [[ 2™ 1p?dx)2, its sufficient to show that the equality
0 «
// ™ Luvdzdt = 0,Yu € Do(L) = {u € D(L) : u(z,0) = 0}, 22 v € Ly(Q), (6)

imply the equality v = 0.
We set in (6) v = M h, where Mh = z™hat0 < z < o and

l—x

Mh =
l—«

o) + [ [ €mhie e @

at « < z < [. This holds if the function h(z,t) = v(z,t) at 0 < z < « and

l
) = v(o.t) = o [ [ €t

at o < x < [. It is not hard to see that the function h satisfy the third condition from (2),

that is
l

// " h(z,t)dr = 0. (®)

«

So for any function u € Dy(L) and given function h we get the equality

/ / Mhdazdt = / / _ aa; )Mhd dt. )

We setin (9) u = ffo (x,7)dr where w is any function such that % w € Ly(Q),

!
1 0, ,0w m B
E%(m %) € Lz(Q)7//$ w(z,t)dx =0,

Then we get the equality

// wMhdxdt = // )Mgd:cdt (10)
m 8:1:

0
axw(OJ)’ < 0.
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where g(z,t) = | ft (z,7)dr. The left side of (10) show that the map

Lo 2 M gdzdt
Q) >z w%//xmo% )gx €ER

is linear continuos functional. Consequently

m 0 Mg 1 9,, 0 Mg
x® Py €L2(Q)7x% %( %(W)) € L2(Q),
and by virtue of (5)
.y 189, .0 99(0, 1)
x %QGLz(Q)ax% %(33 8959>€L2(Q)”8x‘ < 0. (11)

Integrating by parts the right hand side of (10) and taking into account (7) and (8), we

get
//thdxdt: f// mOw 0 Mg, o (12)
Oox Ox x™
Q Q

On the basis of (11) we set in (12)

t

w(z,t) = // D g(x, 7)dr. (13)
0
Then
mOw 0%  Muw
c(t=T) - _ c(r—
//e gM gdxdt //e RIS . 81‘875( o )dxdt. (14)
Q Q

By analogy of formula (12) in [1] we get

// e“=T) g M gdzdt
Q

[ et gl o
Q
2

o mc(tT
N //QZ_axm+1 /5 (&, t)dg| dxdt. (15)
0 «

Further
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ow 0° Muw
c(T—t),.m e
/e o dx Otdx =™ dwdt
Q

where ¢(z) =< ;2
l—a
By analogy of (18) in [1] we get

1, 0<z<a,
a<z <l

ow 0%w

ec(T—t) e
dx O0tdx

dxdt

™ (x)

1
c(T t)
/ m G / gm—dfdmdt

l—am@x

St~y O

[e3

1 2

T
™ (x / =Ty (x,t)dt| dx
0

| —

N O

0
/e (=) gmap(2) [w(z, t)|? dadt
Q

l

h ('(Tt
// l—a)x
0

/ em —dgdxdt

T 1
c(T—t) ,,m—1
%//6 7 f”) wdzdt, (16)
—a
0 o
) T 1 (T—t) z 5 2
e w
- m_——d¢| dxdt
2//(Z a)rmtl /5 ot & do
0 0 «
T 1
1 ec(T—t)mm—l
ﬁ// o) w?dzdt (17)
0 «o
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From (14) and by virtue of (13),(15)-(17) implies the following inequality

2

T
[ e Du g dxdt+/ @) | [ et g, az
0

Q

+g/ec(T—t)xm1/J(x) lw(z, t)|? dedt + 7721

T
/ =T g(x,t)dt| dx
0

Q
Q

T 1
1 c(T—t) ,,m—1
0 «

We set in (13) ¢ > % Then from (18) implies that g = 0. Since x"v = M% then
v = 0, and theorem 2 is proved.
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