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RESUME. Ce papier porte sur 'analyse de sensibilité topologique pour un opérateur parabolique.
On considére le probleme de Stokes instationnaire comme un exemple de modele et on donne une
étude de sensibilité décrivant le comportement asymptotique de I'opérateur relativement a une petite
perturbation géométrique du domaine. Lanalyse présentée est basée sur une estimation du champ
de vitesse calculée dans le domaine perturbé. Les résultats de cette étude ont servi de base pour
développer un algorithme d’identification géométrique. Pour la validation de notre approche, on donne
une étude numérique pour un probleme d’optimisation d’emplacement des injecteurs dans un lac
eutrophe. Des exemples numériques montrent I'efficacité de la méthode proposée.

ABSTRACT. This paper is concerned with a topological asymptotic expansion for a parabolic operator.
We consider the three dimensional non-stationary Stokes system as a model problem and we derive
a sensitivity analysis with respect to the creation of a small perturbation in the fluid flow domain.
The proposed analysis is based on a preliminary estimate describing the velocity field perturbation
caused by the presence of a small obstacle. The obtained theoretical results are used to built a fast
and accurate detection algorithm. Some numerical examples issued from a lake oxygenation problem
show the efficiency of the proposed approach.
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1. Introduction

The topological sensitivity analysis has been derived for various operators; one can
see [16] for the Laplace equation, [17, 19] for the Stokes system, [20] for the quasi-Stokes
problem, [15] for the elasticity problem, [23, 24] for the Helmholtz equation, [12] for the
acoustic problem, ... etc. However, the most significant contributions in this context have
been focused on problems associated with stationary partial differential equations (PDE).
Until recently, there have been very few investigations dealing with the non-stationary
case. The existing research works for this case (one can see [7] or [11]) have been exa-
mined the shape function variation caused by the presence of a small inhomogeneity (or
a cavity) inside the background domain. In this particular case, the perturbed solution is
defined in the entire domain with a continuity condition on the boundary of the inhomo-
geneity.

In this work, we generalize the topological sensitivity analysis concept for the para-
bolic case. We derive a topological asymptotic expansion for the three dimensional non-
stationary Stokes system. The obtained formula describes the variation of a given shape
function with respect to the presence of a small obstacle inserted in the fluid flow domain.

More precisely, we consider a viscous and incompressible fluid flow in a bounded do-
main 2 with regular boundary I" = 9€). We assume that the fluid flow is in laminar regime,
in such way that the convection term can be neglected and the Navier-Stokes equations
can be approximated by the Stokes system. Then, the velocity w and the pressure p satisfy
the following problem

%—Z} —vAw+Vp =F in Qx]0, T,
divw =0 in Qx]0, T, (1)
w =wg on I'x]0, T,

w(,,0) =w’ in Q

where v is the kinematic viscosity coefficient of the fluid, F’ is a given body force per unit
of mass, wy is a given Dirichlet boundary data and w? is the initial fluid flow velocity.

Because of the divergence free condition on w, wy must necessary satisfy the compatibi-
lity condition

/wd(x,t).nds(a:) =0, p.p.t€j0,T]
r
where n is the unit outward normal vector along the boundary I'.

The topological sensitivity analysis method consists in studying the variation of a
shape function j with respect to the creation of a small geometric perturbation in the fluid
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flow domain €. In fluid mechanics, the Dirichlet perturbation is described by a small
obstacle of the form O, . = z + €O characterized by its center z, its size € and its shape
O, with O is a given, fixed, and bounded domain of R3 containing the origin, whose
boundary 9O is connected and piecewise of class C*.

The topological sensitivity analysis method leads to an asymptotic expansion of the shape
function j on the form

J(QN\ Oz,c) = §(Q) = p(e)dj(2) + o(p(e)), V2 € Q,
where
— e > p(e) is a scalar positive function going to zero with €.

— the function z — §j(x) is defined in §2 and commently called topological gradient
(or topological sensitivity function). It is the leading term measuring the variation of the
shape function 5 when a small obstacle is inserted in the fluid flow domain.

The first part of this paper is focused on some theoretical results. It starts with a pre-
liminary estimate describing the velocity field variation caused by the presence of the
obstacle. The leading term of the velocity field variation play an important role in the
derivation of the topological gradient expression.

The second part of this paper is concerned with a numerical application issued from
a lake oxygenation problem. In order to treat the water eutrophication phenomena, the
dynamic aeration process consists in inserting some injectors at the bottom of the lake
in order to generate a vertical motion mixing up the water of the bottom with that in
the top, thus oxygenating the lower part by bringing it in contact with the surface air. In
this application, we aim to optimize the injectors location in order to generate the best
fluid flow in the eutrophicated lake. In order to apply the theoretical previous results, each
injector Injj is modeled as a small hole Ofk’e around a point 2, having an injection
velocity uf, ;- The best locations and orientations are the ones for which the cost function
decrease most, i.e. the topological sensitivity function §7 is as negative as possible.

The rest of this paper is organized as follows. In section 2, we present the formula-
tion of the problem. The main theoretical results are summarized in Section 3. In Section
3.1, we discuss the velocity field variation due to the presence of the geometry perturba-
tion O, . in the fluid flow domain €. In Section 3.2, we derive a topological sensitivity
analysis for the non-stationary Stokes system valid for a large class of shape functions.
We present in Section 3.3, three particular examples of shape functions. The Section 4
is devoted to the mathematical justifications of the main results. As a numerical appli-
cation, we consider in Section 5 the optimization problem of the injectors location in an
eutrophicated lake.
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2. Formulation of the problem

Let us consider a shape function 5 of the form

T
J(Q\O) = / J(we (., 1)) dt,

where J. is a given cost function defined in H'(Q \ O, .) and w, is the velocity field
solution to the non stationary Stokes problem in the perturbed fluid flow domain (2, . =

0\ 0.
88% —vAw. +Vp. =F in Q. .x]0,T],
divw, =0 in QZ,EX}O’ T[’
We = Wq on FX]O, T[, (2)
we =0 on 80z75><}0, T[’
we('7 O) = wO in QZ’E'

In the absence of any obstacle (i.e. £ = 0), we have 0y = € and the shape function j is
given by

T
j(@) = / Jo(wo(., £)) dt,

with (wg, po) is solution to

0
% —vAwy+Vpy =F in  Qux]0, T,
divwy, =0 in  Qx]0, T7, 3)
wyg =wg on I'x]0,T]
wO('7 O) = ,wO in QO'

Next, we will present a mathematical analysis valid for all function J. verifying the
following assumptions :

Assumptions (A)

i) Ve >0,t — Je(we(., t)) € L0, T).
ii) Jy is differentiable in H'((2), its derivative being denoted by D.Jg(w).

iii) There exist a positive scalar function p : Ry — R, and 67 € R such that Ve > 0

/OT [ (e (1)~ ool 1))] i = /OTDJO(wO(., 1) (w2 () =0 (1)) () 8T +0 (o))
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We start our analysis by estimating the velocity perturbation caused by the presence
of a small obstacle O, . inside the fluid flow domain. More precisely, we will derive an
estimate of the velocity field variation w. — wq with respect to the obstacle size. We will
prove in the next section that the leading term of the velocity variation can be expressed
with the help of the fundamental solution of the stationary Stokes system.

3. The velocity field variation

This section is concerned with the influence of the obstacle on the velocity field. We
will study the behavior of the velocity field variation w. — wy with respect to € (the
obstacle size). To this end, we introduce the following auxiliary problem : find U7 solution
to the following Stokes exterior problem

“UAUY +VPI =0  in R3O,
divU’ =0 in R3\O,
Ul —0 at oo,
Ul =—e; on 00.

“)

Here {€;} ;=123 is the canonical basis of R3.

The existence of (U7, P7) can be easily established using a single layer potential (one
can see [13])

Vi) = | Bly—a)ny(a)ds(z),  Piy) = / M(y—2) ny (z) ds(z), Yy € RO\D,
o0 o0

where E, 1) is the fundamental solution to the Stokes equations in R3

Yy
473

1
E(y) = (I+epel), (y) = VyeR3,

8mvr

with r = ||y, e, = Y and el is the transposed vector of e,..
r

The function n; € H~/2(90)? is a solution to the boundary integral equation

o E(y — x)n;(z)ds(z) = —e;, Yy € dO. (5)

One can remark that the function 7); is determined up to a function proportional to the
normal 7, hence it is unique in the space H~/2(90)? /Rn.

The following theorem gives an estimate of the velocity field variation.
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Theorem 1 There exists a real number c > 0 independent on ¢, such that

| we —wo — W | z2(0,7; H1 (02 ) < €8,
where the leading term W = (W1, W2 W?3) € HY(Q,. .)? is defined by

r—z

W (z,t) = U( ).wo(z, 1), ¥(z, t) € R3\O, . x]0, TT. (6)

The obtained estimate describes the velocity perturbation caused by inserting a small
obstacle. It plays a crucial role in the derivation of the topological asymptotic expansion.

From Theorem 1, we deduce the following Corollary. It gives an estimate of the velocity
field in the perturbed fluid flow domain 2\ O, ..

Corollary 1 The perturbed velocity field satisfies the estimate

(=

we(x,t) = wo(z,t) + '

J

3
)wo(z, t)]e; +O(e), =€, ., te]0,T].

In the next section, we present the main results of this paper.

4. Topological asymptotic expansion

Our analysis is based on a preliminary estimate describing the leading term of the
velocity field variation. Such an estimate leads to a very simplified mathematical analysis.
Particularly, we will deal with the explicit stationary Stokes fundamental solution instead
of the non stationary one. Based on the previous estimate, we establish an asymptotic
expansion valid for all shape function satisfying the Assumption (.A4).

4.1. Asymptotic Formula

In order to give the obtained formula, we introduce the matrix M defined by
Moij = — / ] (y)ds(y), 1 <i,j <3,
00
where n; € H~1/2(00)? is a solution to the boundary integral equation (5).

Theorem 2 Let O, . = z + €O be a small obstacle inserted in the fluid flow domain Q)

T
and let j be a shape function of the form j(Q\ O, ) = / Je(we (., t)) dt.
0
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If J. satisfies the Assumption (A) with p(e) = ¢, then the shape function j admits the
following asymptotic expansion

JQN O, ) =4(Q) +edj(z) + o(e), 7
where 07 is the topological gradient defined in ) by
T
5i(z) = / wo(z, 1) Movo(2, D)t + 57 (2),
0

with v is the solution to the following associated adjoint problem

0
—% —vAvg+Vq =—-DJo(ug) in Qx]0,T],
div(vg) =0 in  Qx]0,T,
v =0 on T4x]0,T], ®)
o(vo, o). n =0 on T,x]0,T],
v(,T) =0 in .

In the previous formula, the term 0.7 (z) depends on the considered cost function J;.

The particular case of spherical obstacle is discussed in the following Corollary. If
the fixed domain O coincides with the unit ball B(0, 1), the density 7;, solution to the
integral equation (5), can be calculated explicitly and we have

3v )
ni(y) = =€ Yy €00, j=1,2,3.

Corollary 2 Assume that we have a spherical geometric perturbation O, . = z+eB(0, 1).
Under the same hypothesis of Theorem 2, we have

T
HONOD) = 5@ + < | / (=, £)0(z, 0)di + 57 (2)] +o(c).

0

4.2. Shape function examples

In this section, we present some useful examples of shape functions satisfying the
assumption (A) and we calculated their variations 6.7 .

4.2.1. First example

This example is concerned with the L?—norm. We consider the shape function defined

by
T
j(Q\om):/ /7|w5—Wd(., D2 do
0 Q\Oz,s

with Wy € LY(0, T; H'(2)) is a given desired fluid flow state.
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Proposition 1 The cost function J. defined by

Je(w) = /Q\O |[w — Wal(., t)|2dx, Yw € Efl(QZ“S)7

satisfies the assumption (A) with
DJo(wo(., t))v = 2/(11)0(., t) = Wal., ) vde, Yve HY(Q),

o
3T (z) =0, VzeQ.

4.3. Second example

Here, we deal with the H'*—semi norm. We consider the shape function

T
j(Q\i@zﬁ):/ / Vw. — YW, ) do
0 Q\oz,s

where W, € LY(0, T'; H?(2)) is a given desired state.
Proposition 2 The cost function J. defined by

Jg(w):/mo v Vw — VW, )2 dz, Yo € HY(Q,..),

satisfies the assumption (A) with

T

0T (z) = — ( n(y)ds(y)).wo(z, t)dt, Vze Q.
o Joo

5. Application : the eutrophication problem

During the warmer months of the year many lakes and reservoirs experience some
degree of thermal stratification. This phenomena inhibits vertical mixing between the sur-
face layer and the bottom water. This can lead to toxic conditions in the lower region.
The lack of oxygen accelerates the eutrophication of the water which is characterized by
a number of damaging effects on its quality.
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Figure 1. The eutrophication problem and the dynamic aeration process )
The dynamic aeration process seems to be the most promising remedial technique

to treat the water eutrophication problem. This technique consists in inserting air by the
means of injectors located at the bottom of the lake in order to generate a vertical motion
mixing up the water of the bottom with that in the top, thus oxygenating the lower part by
bringing it in contact with the surface air.

5.1. Optimization problem

The problem that we consider here concerns the optimization of the injectors location
in order to generate the best motion in the fluid with respect to the aeration purpose. Each
injector Injy, 1 < k < m, is modeled as a small hole w., . = z;, + ew® around a point
zr, and having an injection velocity ufm where ¢ is the shared diameter and w* C R3?
are bounded and smooth domains containing the origin. The points z, € Q, 1 <k <m
determine the location of the injectors. The domains w” describe the injectors geometries.

Then, in the presence of injectors, the velocity w. and the pressure p. satisfy the
following system

0
6“;5 —vAw. +Vp. =F in  Q\UP, @5 =x]0, TT,
divw, =0 in  Q\UPL @, x]0, T,
we =wg on Iyx]0, T, 9)
o(we, pe)n =0 on T,x]0, T,

we =wui: on  Owy e, 1 <k<mx]0, T,
we(.,0) =0 in  OQ\U W, -

where F is the gravitational force, uf, ; 18 the injection velocity of the injector w., . and
wy is a given boundary data.

The boundaries I'y and I';, are described in Figure 2, where 'y = ' UT",,, (top surface
and wall) and I',, = '}, UT? is the free boundary (inlet/outlet). The Dirichlet data wy is
defined as : wy = 0 on the wall I, (no slip condition) and wq = wy;, on the top surface
T's, where w,;, is the wind velocity.
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In the absence of any injector (i.e. € = 0), the velocity and the pressure satisfy the follo-
wing system

8w0

5 vAwg+Vpy =F in  Qx]0, T,
divwy, = in  Qx]0, T,
wp =wg on TIyx]0, T, (10)
o(wg, po)n =0 on T,x]0, T,
we(,0) =0 in Q.

For the optimization criteria, we assume that a “good” lake oxygenation can be described
by a desired velocity ;. Then, the cost function .J. to be minimized is given by

/ |we — V\ﬂd\2 dz,
Qm

where (2,,, C 2 is the measurement domain (the top layer, see Figure 2).

Je(ue) = 1D

In

Injectors location

6)

et )
Figure 2. The top layer Q.,, the surface T's, the wall T, and the free boundary T’} UT?2

We denote by j the design function defined by

JO\UL, &%, 2) = Je(we), (12)

where u. is the solution of (9).

Our identification problem can be formulated as a topological optimization problem : find
the optimal location of the injectors w,, . = 2 + ewk, 1 < k < m, inside the lake
domain 2 minimizing the discrepancy between the computed velocity and the desired

o]

To solve this optimization problem (O.) we shall use the topological sensitivity ana-
lysis technique. It consists in studying the variation of the shape function j with respect to

Find 2}, € 1, 1 <k < m, such that :
JO\UE, B0) = _min (9 UL, @70,

Zp €
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the presence of a small injector w;, . inside the fluid flow domain 2. Using the theoretical
results established in Corollary 2 and Proposition 1, one can derive

JO\T2) = 5(Q) = €65%(2) + o(e).
with .
§i%(z) = 67r1//0 [wo(z, t) — ufnj].vo(z, t)dt, ze€ Q.

Next, we present some numerical examples. The first example concerns the identifica-
tion of well separated small injectors in a water reserve. It is the most favourable situation
where there aren’t any interaction between injectors. The second example is devoted to
the detection of an injector line.

5.2. Identification of well separated injectors location

This test concerns the detection of optimal location of well separated small injectors.
In the numerical computation, we have considered the case of three injectors wy = 2 +
eB(0,1), 1 < k < 3, where ¢ is the injector size e = 0.01.

The wanted velocity field U, is reconstructed using a synthetic data. It is chosen as
solution to the non stationary Stokes problem (9) in the presence of the exact injectors
wyr =2 + 0.02B(0,1), 1 < k < 3. The exact locations z; and the injection velocities

k  are described in table 5.2.

uin]

Injector Location z;, Injection velocity u? j

Injector 1 | x=-1.599, y=-0.765, z=-1.041 | u, =-0.3, u, =0.0, u, =-0.4
Injector 2 | x=-0.035, y=-0.058, z=-1.565 | wu, =0.0, u, =0.0, u, =0.5
Injector 3 | x=1.596, y=0.800, z=-1.023 Uy =-0.2,uy =0.0,u, =04

Table 5.2 : The exact locations z;, 1 < k < 3 and their associated injection velocities.

We propose here a fast and accurate identification procedure. It is a one iteration algo-
rithm.

Algorithm 1 :
— compute ug, solution to the non stationary Stokes equations (10),
— compute vy, solution to the associated adjoint problem,
— deduce the topological sensitivity 65%(z), Vze€Q, 1<k <3.

The injector Inj* is likely to be located at zone where the topological sensitivity 55 is
most negative. The results of this test are presented in Figures 3-7.
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In Figure 3, we present the initial flow. The wanted flow is shown in Figure 4. The
isovalues of the topological sensitivity are plotted in Figure 5. We present for each injector
the exact location and the local minimum of the topological sensitivity. One can observe
that the local minima of the obtained topological sensitivity §5* coincides with the exact
location of the injector In;j* described in table 5.2. The obtained optimal locations are
shown in Figure 6.

Figure 3. The initial flow Figure 4. The wanted velocity : a 2D cut
on each injector

At each local minimum, we introduce a point-wise Dirichlet condition (an inserted
injector) and a new resolution of (9) is performed. The obtained velocity is shown in
Figure 7. Since we have detected the exact location, the obtained velocity is identical to
the wanted one.

5.3. Identification of an injector line

The aim here is the detection of an injector line X. It is approximated by a sequence of
non separated small injectors having a constant injection velocity u;,;. In order to detect
3., we propose here an iterative process based on the following algorithm.

Algorithm 2 :
o Initialization : choose Qg = €2, and set &k = 0.
e Repeat until target is reached :

— solve (14) and (15) in Q,
— compute the topological sensitivity ¢y,
— determine the set o, = {2z € Qi, Ijr(2) < ¢ < 0},
where cj, is chosen in such a way that the cost function decreases,
— prescribe the velocity at each mesh node of o, : u(z) = Uin;, V2 € o,
—set Qg1 = Qi \Ox,
—k+—k+1
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-21E-C3 -6.2E-01 8.4E-04 21E03 B2E04 84E04

a- 2D cut on y = —0.765. b- 2D cut on = —1.599.

The location of the injector In;!

-23E-03 -37E-04 1.6E-02 -23CC3 -37C-04 1.5C-02

a- 2D cut on y = —0.058. b- 2D cut on x = —0.035.

The location of the injector Inj2.

-26E-03 -1.0E-03 S.6E-04 -28C-C3 10003 56004

a-2D cutony = 0.8. b- 2D cut on z = 1.596.

The location of the injector Inj3.

Figure 5. 2D cuts of the topological sensitivity showing the exact location (black dots) and
the local minima of 55* (red zones).

Figure 6. Obtained injectors location. Figure 7. The obtained velocity : a 2D cut
on each injector.
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At the k" iteration, the topological gradient 67, is given by :

T
0jk(2) = 671'1// (wi(2,t) — Uinj) vk(z, t)dt  Vz € Qy, (13)
0

where wj, and vy, are, respectively, solution to

8wk .
{ e —vAwp+Vpr, =0 inQxx]0, T[ (14)
Vaw, =0 inQx]0, T,
8vk .
5 vAvg +Var = —2(ur —Ug) xa,, nQx]0, T (15)
Vo, =0 in Q4 x]0, T7,

where xq,, is the characteristic function of the measurement domain 2,,,.

The injector X is detected iteratively, Y11 = 3j U oy, with Xg = 0. As described in
the last algorithm, the set o, is defined by a level set curve of dj

op={z€Q, jr(z) <cp <0}.

The constant ¢; depends on the most negative value of § 5. In our numerical computation,
we have used ¢, = 0.8 §;, with §, = min,cq, djr(2).

We have obtained an interesting result in only three iterations. We present in Figure
8(b) the obtained fluid flow created by the detected injector. It is nearly identical to the
wanted one (see Figure 8(a)). In Figure 9 we plot the isovalues of § j;, showing the detected
zone oy, (where 7 is most negative) during the optimization process.

a) The wanted fluid flow. b) The obtained fluid flow after 3 iterations.

Figure 8. The wanted and obtained fluid flow.

6. Concluding remarks

In this work, we have derived a topological asymptotic expansion for the non-stationary
Stokes system with respect to the presence of a small obstacle in the fluid flow domain.
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First iteration.

Second iteration.

Third iteration.

Figure 9. Isovalues of 6. showing the detected zone o}, (red zone) during the optimization
process : a vertical cut (left), an horizontal cut (right).

The proposed approach is based on a preliminary estimate describing the velocity field
perturbation caused by the presence of a small obstacle in the fluid flow domain. The ob-
tained theoretical results are used to built a fast and accurate detection algorithm. Some
numerical examples issued from a lake oxygenation problem show the efficiency of the
topological sensitivity method. The developed technique is general and can be adapted
for various non-stationary partial differential equations (PDE).

7. Proofs

This section is devoted to the mathematical justifications of the derived theoretical
results.
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7.1. Proof of Theorem 1

In this paragraph, we present the proof of the estimate established in Theorem 1. It
consists in studying the influence of the presence of an obstacle on the velocity field we.

Let @ be the pressure field associated to the velocity field W :

where P’ is the pressure field associated to the velocity field U7 solution to (4).

Setting
ze = we —wo — Wand s. =p. —po — Q. (16)

From (1), (17) and (4), one can check that (z., s.) is solution to

0z ow .
8758 —vAz. +Vs. = T in Q. .x]0, T,
divz, = in Q. .x]0, T, (17)
ze =-W on I'x]0, T,
ze =—wo(z, t)+wo(z, t) on 00, x]0, T,

The last boundary condition follows from the fact that U7 = —e; on 9O.

Let R > 0 be such that O, . C B(z,R) and B(z, R) C (. Using trace Theorem, one
can obtain

oW
lzellz20,m5m1 (0., .)) <S¢ (IIWIIL2<0,T;L2(92,E))+||W\|L2<0,T;HI(QR>>

Hlwo(e,t) — wols Dl rere ), (1)

where Qr = Q\B(z, R).

Using (6) and the change of variable ©z = 2z + ey, one can derive

ow ow T —z
||W||L2(O,T;L2(QZ,E)) = |\7t0(2,-)||L2(0,T)HU(T)HLz(Qz,E)
811)0
= 53/2”@(2, Nz U2, ) /e)-
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Similarly, we have

r—z r—z

Nzz@n) + IV2U(

IN

W2 (0,701 (25)) llwo(z, M2z o,m (U (— —lizzn);

IN

llwo (2, ~)||L2(0,T) (63/2||U||L2((QR)/E) + el/? HVyU||L2(QR)/a))~

It is proved in [20] (see also [17]) that the velocity field U7, solution to the exterior Stokes
problem, satisfies the estimates

||U‘7||L2((QR)/5) < ce™/? and ||vajHL2(QR)/€) < ce'/?
Then, using the smoothness of wy and the previous estimates, one can deduce

ow
||W||L2(O7T;L2(QZ,E)) S ce and HW”L2(O,T;H1(QR)) S CE. (19)

Now, we examine the third term in (18). Expanding wq (x, t) = wo(z, t)+& Vwo(&y, 1)y
with &, € O, . and using the fact that Vwy is uniformly bounded, then it follows that

lwo(w,t) — wo(z,t)l|L2(0,7;L2(0...)) < ce. (20)
Finally, combining (19) and (20), we obtain
IzellL20,mm1 (0., ) < e

which the desired estimate. u

7.2. Asymptotic analysis

In this section, we present the proofs of the asymptotic expansions established in Sec-
tion 4. To this we will introduce some notations and we will establish some preliminary
estimates.

7.2.1. Preliminary calculus

Let ;7 be a shape function of the form
L T
JQNO, ) = / Je(we (., 1)) dt,
0
with J. is a given function defined in H*(Q \ O, .) and satisfying the Assumption (A).

To describe the variation of j with respect to the presence of a small obstacle O, . at
an arbitrary point z € €2, we introduce the weak formulation of the problem (17). Using
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Green formula, one can easily check that the velocity field can be interpreted as the unique
solution to the following variational problem

Find w. € V. such that
Be(we, v) = L(v), Yve,,
w.(., 0) =0, in Q. ..

where the functional space V., the bilinear form B, and the linear form L. are defined by

V. = {weH (0, T; H}(Q.,.)), divw=0in Q. .},
T
B.(w, v) = // —vdmdt—&—y// VwVuvdzdt, Yw, v € V.,
Qz,a
L.(v) = // Foudxdt, Vv e V..
0 Ja. .

Using the assumption (.A), the variation of the shape function can be written as

T T
HQ\ ) — (@) /"Ju%< Ddﬁfﬁ Jo(wo(. 1)) dt

/"D%um ) (we (1) — ol 1)) i+ p(e) 6T + 0 (p(e))
= BO wO wEaIUO) +p( )6\7+0(p(€))a (21)
where vy is the solution to the following adjoint problem
Find vy € Vy, such that
T
Bo(u,v0) — — / D.Jo(wo) (w)dt, Vu € Vo, 22)
0
vo(,T) =0 in.
In (21), the function w, is extended by zero inside the domain O, ..
Next, we present the proof of Theorem 2 describing the leading terms of the shape
function variation. It consists in studying the variation of the term By(wy — we, vp) with

respect to ¢ (see (21)).
Then, due to Green formula and the fact that w,. = 0 in O,, one can derive

Bo(wo — we, vg) = / / V(wy — we Vvodmdt—F/ / )vodxdt
Q

—|—1/// VwOVvodxdt—i—// —vodxdt.
0 Jo... 0o, . Ot
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Using the fact that w( and v, are smooth near z, one can deduce that

T T awo
1/// VwOVvodxdt+// —vod:ﬂdt:O(sd).
0 Jo... 0 Jo.. Ot

By Green formula and the fact that vg = 0 on I"x]0, T, it follows

T T 8(wo — w.) T
u//V(wo—ws)Vvodxdt—i-/ /7vod$dt =— //U(we—wo,ps—po)nvodsdt.
0/, . 0Ja,. Ot 0Jo0,. .

Consequently, the shape function variation can be rewritten as

JO\OD) (@) = / /aoéwe—wo,ps—po>nvodsdt+p<sw+o(p(sm

The asymptotic behavior, with respect to €, of the last integral terms will be examined in
the next section.

7.2.2. Proof of Theorem 2

From the definition of (z., s.) and the change of variable z = z + € y, we have

T T
// o(we — wo, pe — po)-nvgdsdt :// 0(ze, Se)nvodsdt
0 Jo0O., . 0 JOO;, ¢
T
ve [Cunetn([ ot PY@n) ol + v, 0ds(y) ) at,
0 00

where (U, P)n is the 3 x 3 matrix defined by

(0(U, P)n)ij = (a(U?, P)(y)n(y))i, 1 <i,j < 3.
By trace theorem, Theorem 1 and the fact that vy is smooth in O, ., we derive
T
[ [ ot somudsit < oo pllool oz, . = ofo)
0 Joo.. .

Making the change of variable x = z + ey, expanding vo(z + €y, t) = wvo(z, t) +
e Vug(&y, t)y with &, € O, . and using the fact that Vg is uniformly bounded, it follows
that

/OT/aoz)E o(we —wo, p: — po)nvodsdt =e /OTwO(z,t).(/ao o(U, P)(y)n ds(y))vo(z,t)dt
T
+e /o wo(z,t).(/ao a(U, P)(y)n(y)[ve(z + ey, t) — vo(z,t)]ds(y))dt + o(e).
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Due to the jump condition of the single layer potential, we have
o(U?, Pn = —) +o(V7,89)n,
where (V7, S7) is the solution to the associated interior problem

VAVI£VST =0 in O,
divii =0 in O,
Vi =U7 on 00.

From the fact that div o(V7,57) = vAVJ — VS7 = 0in O, we have
/ (VI 89 (y)nds = 0.
le}
Then, it follows
T T
[ [ otwewo pepoodsde == [unte 00 [ awidstpte, 0)dt+o(e)
0 J90.,. 0 o0
Consequently, the shape function 7 admits the following asymptotic expansion
T
HONOZ) =@ e[ [ wnlz - Mov(e. dt +57] + o),
0
where M is the matrix defined by

Moi; = —/BO nl (y)ds(y), 1 <i,j < 3. -

7.2.3. Proof of Proposition 1

Since the desired fluid flow state W, € L(0,7; H*(£2)), the function Jy is differen-
tiable at wy(., ) and we have

Dio(wol, £))(v) =2 /

(wo(., £) — Wal., t))vd:c, Vo € HY(Q).
Q

The variation of the associated shape function j is given by

T T
j(QZ,E)—j(Q):/ / |wE—Wd|2dxdt—/ / lwo — Wy|? da dt
0 Ja. . 0 Jo

T T
= / D Jy(wo)(we — wo) dt + / / |w. — wol? da dt
0 0o Ja..

T T
+// |w0|2d:vdt—// IWal? da dt.
O 0275 0 Oz‘s
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From the smoothness of wy and Wy in €2, one can derive

T T
// \w0|2dxdt:o(5)and// Wal2de dt = ofc).
0 JO,, . 0 JO., .

Using the decomposition (16), it follows

T T T
/ / . — w2 gz(/ / |za|2dxdt+/ / W Pdrdt).
0 JQ., . 0 JQ. . 0 JQ; ¢

Using Theorem 1 and the change of variable, one can check

T T
// |z6|2dxdt:o(5)and// W 2ddt = o(2).
0 JQ., . 0 J;, .

Therefore the function J. satisfies the assumption (A) with

DJy(wol., 1)) (v) = Q/Q(wo(., t) = Wa(., ) vde, Yve H(Q),

0J(z) =0, VzeQ. m

7.2.4. Proof of Proposition 2

The function .J is differentiable at wq(., t) and we have

DJo(wol., £))(v) = 2V/Q (Vuwo(s ) — VWl £)) Vodz, Yo e HY(Q).

The variation of the associated shape function j is given by

T
60, = 3(@) = [ Do) = dt—u// YWl dedt (24

—|-V/ / |Vw0\2da:dt—|—u/ / |Vw, — Vwo|? dz dt.
Q¢

Thanks to the regularity of wg and Wy in O, ., one can derive

T T
/ / v|Vwo|? dz dt = o(e) and / / vIVW,Adz dt = o(e).
0 Jo.. . 0 Jo.. .

Using Green formula, the last term in (24) can be written as

// v|Vw, — Vwg|? de dt = // o(2e, Se).nwo ds dt.
00,
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By an adaptation of the technique used in the proof of Theorem 1, one can derive

T T
/ / 0(ze, Se).nwodsdt = ¢ [/ wo(z, t).Mowo(z, t)dt| + o(e).
0 Jo0., . 0
Therefore, the function J; satisfies the assumption (A) with

DJy(wo(., t)) (v) = QV‘/Q (Vwo(., t) — VWa(., t)) Vodz, Yve HY(Q),

T
and 07 (z) = / wo(z, t).Mowy(z, t)dt, Vz € Q. m
0
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