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Abstract

Workflow languages are a key component of the Business Process Management (BPM) disci-
pline: they are used to model business processes in order to facilitate their automatic management
by means of BPM systems. There are numerous workflow languages addressing various issues
(expressiveness, formal analysis, etc.). In the last decade, some workflow languages based on
context-free grammars (having then formal semantics) and offering new perspectives to process
modelling, have emerged: LSAWTP (a Language for the Specification of Administrative Workflow
Processes) is one of them. LSAW{P has many advantages over other existing languages, but it is
its expressiveness (which has been very little addressed in previous works) that is studied in this
paper. Indeed, the work in this paper aims to demonstrate that any non-recursive LSAW{P model
is a structured workflow. Knowing that the majority of commercial BPM systems only implement
structured workflows, the result of this study establishes that, although LSAWTP is still much more
theoretical, it is a language with commercial potential.
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BPM; LSAW{P; Structured Workflows; Dyck Language; Serialisation

I INTRODUCTION

In Business Process Management (BPM), process modelling is a key phase [1]. It is done
using workflow languages and consists for a given process, in analysing it in order to define
in a graphical way or by means of rules, its tasks and their execution order (this is called the
process control flow), the actors in charge of executing these tasks and the data flow between the
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tasks: the result is called a workflow model or process model' [1]. Regarding the diversity of
application domains and professional needs for process modelling, researchers have proposed a
plethora of workflow languages; making it difficult to reach a consensus on which one to adopt
[1]. Among the most significant workflow languages are BPMN (Business Process Model and
Notation, considered as the de-facto workflow language) [2], WF-Net (Workflow Net) [3] and
YAWL (Yet Another Workflow Language) [3]. In 2020, Zekeng et al. proposed the Language
for the Specification of Administrative Workflow Processes (LSAW{P) [4] addressing several
issues encountered by classical languages, notably: the absence of formal semantics, the use of
processes as modelling units, the obtention of either non-executable specifications or context-
specific executable ones, etc. LSAW{P proposes to model the control flow of a given process
using a grammatical model called Grammatical Model of Workflow (GMWT).

This work is interested in the expressiveness of LSAWTP from its control flow perspective. In
the BPM domain, the study of the expressiveness of workflow languages is a common practice
whose goal is to show their credibility; however, previous works on LSAW{P have paid insuf-
ficient attention to this aspect. For instance, the work in [4] shows that, for its control flow,
LSAW({P supports the four basic routings, namely: sequential, parallel, alternative and itera-
tive routings; but, the results of this study don’t provide sufficient evidence to characterise the
class(es) of workflows supported by LSAW{P. The contribution of this paper is to formally es-
tablish that LSAWfP models whose GMWT does not admit recursivity? (non-recursive LSAW{P
models) are structured workflows. It is then established that some elements of the subclass of
structured workflows that do not admit iteration can be modelled using LSAW({P.

The concept of structured workflow has been popularised in works published in the early 2000s
[5] and has been the subject of several studies in the last two decades; it refers to a class of work-
flows for which several syntactic restrictions have been applied on the control flow. Throughout
these works, several formalizations of structured workflows and identification of their properties
were made. Furthermore, it was established that this class of workflows is supported by many
commercial BPM systems (TIBCO BPM Enterprise®, Signavio*, Bizagi’, SAP R/4HANA®,
etc.). The study carried out in this paper finds its relevance in showing that LSAWT{P is ex-
pressive enough to be embedded in a commercial BPM system; and in this case, LSAW{P will
provide a new and advantageous tool for designing workflow models, while preserving the al-
ready existing commercialised knowledge.

The rest of this paper is organised as follows: some basic concepts useful for the understanding
of this paper are briefly presented in section II. The contribution is presented in section III.
Sections IV and V are dedicated respectively to a discussion and conclusion.

"Process and workflow are often used as synonyms: this is the case in this paper.

%Informally, a non-recursive grammar is a grammar in which there is no non-terminal symbol whose expansion
by means of productions allows to obtain a string containing this same symbol.

Shttps://www.tibco.com/products/business-process-management

‘https://www.signavio.com/

Shttps://www.bizagi.com/

®https://www.sap.com/products/s4hana—erp.html

African Journal of Research in Computer Science and Applied Mathematics Page 2 of 12


https://www.tibco.com/products/business-process-management
https://www.signavio.com/
https://www.bizagi.com/
https://www.sap.com/products/s4hana-erp.html

II BACKGROUND

2.1 Some basic concepts

A workflow is generally composed of a collection of activities/tasks, a set of actors, and de-
pendencies between activities. Activities correspond to individual steps in a business process,
actors are responsible for the enactment of activities, and dependencies determine the execu-
tion sequence of activities and the data flow between them. From the control flow perspective,
Kiepuszewski et al. [6] state that a workflow W consists of a set of process elements P, and
a transition relation Trans C P x P between elements. The set of process elements can be
further divided into a set O; of or-joins, a set O, of or-splits, a set A, of and-joins, a set A, of
and-splits, and a set A of activities.

Generally, the main purpose of a workflow language is to provide tools (graphical or not) to
represent process elements and the relations between them. For example, the BPMN language
[2] represents the activities (elements of .4) by rectangles, the elements of O;, O;, A;, A,
by associated diamond shapes and their relations by arrows. One of the main criticisms of
workflow languages is that, they permit an arbitrary composition of process elements when
building workflow models. Indeed, this arbitrary character is illustrated by a lack of ordering
during the aggregation of the different elements constituting the workflows [6]. In order to
remedy this, Kiepuszewski et al. propose several concepts, in particular, that of structured
workflows.

2.2 Structured workflows

2.2.1 Definition

A Structured Workflow (SW) is intuitively defined as a workflow in which, each or-split has a
corresponding or-join and each and-split has a corresponding and-join [5]. This type of work-
flow guarantees significant properties: for example, a well-formed SW can’t deadlock (become
stuck in an indefinite waiting state) [5]. This class of workflows is one of the most requested by
researchers in their formal analysis of workflows [7]. In a more formally way, Kiepuszewski et
al [6] define a SW inductively as follows:

Definition 1: Structured Workflow (SW)

A workflow consisting of a single activity is a SW (Single-activity pattern);

. Let X and Y be SWs. The concatenation of these workflows is a SW (Sequence pattern);

3. Let Xy, , X,, be SWs, 0j an or-join and os an or-split. The workflow with os as initial
element, o7 as final element, transitions between os and the initial elements of {XZ’}1 <i<n
and, other transitions between the final elements of {X;},,., and oj, is then also SW
(Or pattern); o

4. Let Xy, ..., X,, be SWs, aj an and-join and as an and-split. The workflow with as as
initial element, aj as final element, transitions between as and the initial elements of
{Xi},<,<,» and other transitions between the final elements of {X;},_,_ and aj, is then
also SW (And pattern); o

5. Let X and Y be SWs, 07 an or-join and os an or-split. The workflow with oj as initial

element, os as final element, transitions between o7 and the initial element of X', between

D=
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the final element of X and os, between os and the initial element of Y, and between the
final element of Y and o7, is then also a SW (Loop pattern).

Figure 1 shows minimum SWs corresponding to the five patterns in definition 1.

Single activity pattern Sequence pattern Or pattern And pattern Loop pattern

Figure 1: lllustration of structured workflows patterns

2.2.2  Some formalizations of SWs

Several studies have been focused on SWs during the last two decades; they proposed formal
tools for the smooth handling of SWs. Jussi Vanhatalo et al. [8] have proposed to represent a
structured workflow as a unique tree called Process Structure Tree (PST). This tree is obtained
after the decomposition of the workflow into Single Entry Single Exit fragments. A fragment of
a given SW is a subset of its process elements that form a graph. More precisely, the workflow is
split into canonical fragments’; then, these canonical fragments are arranged to form a PST. The
PST, computed in linear time, provides the necessary information about all the process elements,
as well as the precedence relations between them. Its tree structure also allows formalizing
operations such as well-structured and soundness verifications.

Another version of the PST called Redefined Process Structure Tree (RPST) has been proposed
by Jussi Vanhatalo et al. [7]. Unlike PST, RPST guarantees that a local change on the initial SW
will only cause a local change on the resulting RPST. These tree-based formalizations of SWs
gives us confidence in the grammatical approach of the work done in this paper. Indeed, in this
paper, SWs are handled as Dyck words: i.e. as serializations of derivation trees for the grammar
of the well-formed parenthesis language (Dyck language). It is this connection between SW
and Dyck language that allows to establish the results presented in section III.

Besides PST and RPST, other studies [9, 10] have proposed Petri nets as a formal tool for
handling SWs. Thanks to the mathematical character of Petri nets and to the numerous existing
studies on their properties, they prove to be very useful for the study of the properties of SWs.

2.3 Non-recursive LSAWfP models

LSAWT{P (a Language for the Specification of Administrative Workflow Processes) is a work-
flow language proposed by Zekeng et al [4]. In this one, the process control flow is modelled
using a grammar G = (S, P, A) called Grammatical Model of Workflow (GMWf) defined as
follows :

Definition 2: Grammatical Model of Workflow (GMWY)
A GMWT G is defined by a triplet (S, P, .A) in which :
* & is a finite set of grammatical symbols or sorts corresponding to various activities to
be carried out in the studied process;

7A canonical fragment is a fragment containing as few process elements as possible and whose combination
corresponds to one of the patterns defined in [8], making it convertible into one or more elements of a PST.
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* A C S is afinite set of particular symbols called axioms, representing activities that can
start an execution scenario, and

P C S x &*is a finite set of productions decorated by the annotations "§" (is se-
quential to) and "||" (is parallel to): they are precedence rules. A production P =

(Xp(o),Xp(l), e ,Xp(‘p‘)) is either of the form P : Xy — X §---§ X|p|, or of the
form P : Xo — Xy || --- || X|p|. The first form P : Xy — X;§---§ Xp| (resp.
the second form P : Xy — X || --- || X|p) means that activity X, must be executed
before activities { X1, - -+, X|p|} that must be (resp. can be) executed in sequence (resp.

in parallel) from the left to the right. A production with the symbol X as left-hand side is
called a X-production. Given a production P, | P| designates the length of its right-hand
side.

The obtained specification after modelling a process with LSAWIP is called a LSAW{P model.
A preliminary study of LSAW{P’s expressiveness in [4], shows that it supports the basic routings
pattern (sequential, parallel, alternative, iterative) in the definition of control flows. But, in this
study, we are interested in a restricted form of LSAWfP models named non-recursive LSAWfP
models that can be defined as follows:

Definition 3: Non-recursive LSAWfP model
A non-recursive LSAWP model is a LSAWfP model whose GMWT (its grammar) is non-
recursive.

We are interested in non-recursive LSAW{P models because they are the subclass of LSAW{P
models in which activities are joined in a non-arbitrary way, using GMWT{ productions; this
is actually their common point with structured workflows. Despite the fact that non-recursive
LSAWT{P models do not directly express iterative routing between process activities, they are
useful in several practical cases; especially for administrative processes in which the recursivity
(the number of repetitions) is generally bounded [11].

III  SERIALISING NON-RECURSIVE LSAWFP MODELS INTO WORDS OF A VER-
SION OF DYCK’S LANGUAGE DEDICATED TO LOOPLESS STRUCTURED
WORKFLOWS SPECIFICATION

Let’s remind that the goal of this paper is to establish that any non-recursive LSAW{P model is
a SW. To achieve this, we first consider a restriction of SWs class called Loopless Structured
Workflows (LSW); and, we establish that the workflows in this new class can be assimilated to
words of a version of Dyck’s language that is presented. Conversely, we show that the words
in this version of Dyck’s language which we refer to as Dyck’s language for LSW (denoted
Dyck™SW)), are LSW. Finally, we present a production rewriting algorithm to serialize any non-
recursive GMWf into a word of Dyck™" (i.e., into a SW through transitivity). The result of this
paper (corollary 1) is therefore the consequence of two necessary and sufficient demonstrations
(even if we provide an additional result with proposition 2):

1. The demonstration that any non-recursive GMWT is a word in the Dyck”" language

(proposition 3) and,
2. The demonstration that any word in the Dyck”" language is a LSW (proposition 1).
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3.1 Loopless Structured Workflows (LSW)

Inspired by the notion of fragment used in the definition of PST and RPST (see section 2.2.2),
we introduce the notion of structured fragments.

Definition 4: Structured fragment
A structured fragment is a fragment corresponding to one of the five patterns in definition 1,
allowing to recursively define SW.

Intuitively, a LSW is a SW in which no structured fragment matches the loop pattern of the SW
definition (definition 1). Therefore, a LSW can be defined inductively as follows:

Definition 5: Loopless Structured Workflow (LSW)

1. A workflow consisting of a single activity is a LSW (Single-activity pattern);

2. Let X and Y be LSWs. The concatenation of these workflows is a LSW (Sequence
pattern);

3. Let Xy, -+, X, be LSWs. The "Or pattern" as defined in definition 1, applied to X, --- , X,
results to a LSW (Or pattern);

4. Let Xy, ---,X, be LSWs. The "And pattern" as defined in definition 1, applied to
Xy, , X, results to a LSW (And pattern).

Given the only four patterns considered in the definition of LSWs, these can be expressed as
words in a version of Dyck’s language: the Dyck’s language for LSW (Dyck™"). As a re-
minder, the Dyck language consists of strings of equal number of opening and closing brackets,
and the number of closing brackets is never more than the opening brackets in any prefix of the
string [12]. Indeed, considering definition 5, one can represent a single activity workflow by the
following Dyck™"W’s word : {(;);). In this representation, { and ) represent the start and end
events of the process and, (;); is a pair of colored parentheses representing the single activity
being considered. The language Dyck™®" is denoted by the grammar of definition 6:

Definition 6: Dyck™W s grammar
The grammar for the language Dyck™"W is defined by G p,epzsw = (N, T, P, Flow) where:

N = {Flow, FragList, Frag, NextFrag, Seq, Or, And} is the set of non-terminals;

o T ={0) [vslvi lasJas ) FULGs )it <iey, 18 the set of terminals; these are colored brack-
ets that specify respectively, the start event, the end event, the or-split, the or-join, the
and-split, the and-join, classical parentheses used to group blocks to avoid ambiguity
when necessary and the different activities that make up processes;

* P is the set composed by the following productions:

p1: Flow — (FragList)
pe : Fraglist — Frag NextFrag | (Frag) NextFrag
ps : Frag — Seq | Or | And | (;);

ps : Seq — FraglList

ps = Or — |y FragList |y

pe : And — [ FragList |5

pr: NextFrag — Frag| (Frag)|e
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¢ Flow is the axiom.

One can observe from the productions ps and ps of Gp,zsw, that in any word of DyckSW,
to each or-split (resp. and-split) corresponds an or-joint (resp. and-joint). Moreover, the pro-
ductions py, po, p3 and p; show that the simplest words accepted by G p,.;.sw are of the form
((;);): they are LSWSs consisting of a single activity.

Proposition 1:
Any word in the Dyck™®" language is a LSW.

Proof. Based on the LSW definition (see section 3.1, first paragraph), providing a proof of
this proposition means to show that any word w of the language Dyck™" is a sequence of
(loopless) structured fragments. One can also reason by the absurd and so, establish that it is
absurd to assert that w is not a sequence of (loopless) structured fragments: that is what is done
in this proof.

By analysing the productions p;, p, and p; of Gp,.zsw, it is obvious to establish that w €
Dyck™W has the form (fifs... f,); i.e. w is a sequence of fragments (the {f;},.,.,) sur-
rounded by the symbols { and ). This corresponds to the workflow diagram shown in figure 2.
Therefore, w is not a sequence of (loopless) structured fragments if and only if at least one of

Workflow diagram associated
with the fragment f,

o~} e e —f}—0

Flgure 2: Workflow diagram patterns for a Dyck™SW word

the fragments that compose it is not structured; i.e., among the workflow diagrams associated to
the fragments of w, there are one or more in which there are or-splits (resp. and-splits) without
corresponding or-joints (resp. and-joints) and conversely. Another analysis of the productions
of G py.;Lsw reveals that each fragment f; is of one of the following forms:

1. (;); (see production p3);

2. (fi1) (see productions p2 and p7);

3. fafiz--. fim (see productions p3 and p4);

4. [yfafiz--- fio]v (see productions p3 and p5);

5. [nfirfiz- - fipla (see productions p3 and p6).
In these, the { f;;} are also fragments and the workflow diagrams that are associated with each
of these forms are those presented in figure 3: all the fragments are therefore structured (i.e.
they match the patterns listed in definition 5 and illustrated in figure 1) and consequently, it
is absurd to think that there could be a situation in which one could find some or-splits (resp.
and-splits) without corresponding or-joints (resp. and-joints) and vice versa. For any Dyck™W
word, one can always find an equivalent LSW, by combination of structured fragments. 0

Proposition 2:

Any LSW is a word in the language Dyck™"W .
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Figure 3: Patterns of fragments in a Dyck™"W word and corresponding workflow diagram patterns.

Proof. By definition, a LSW can be decomposed into a list of structured fragments (see section
3.1). The different patterns of structured fragments of LSW (see definition 5) can be derived
from the productions of the grammar G p,,.,.sw as established in the proof of proposition 1. Also
in this proof, it is established that Dyck™®" words are lists of structured fragments. Therefore,
any LSW can be expressed as a Dyck™" word. O

Having established that any word in the Dyck™" language is a LSW, the next part of this
paper’s contribution consists in showing that any non-recursive LSAW{P model (its GMWT)
can be serialised into a Dyck™" word.

3.2 Non-recursive LSAWfP models serialisation to Dyck™*" words

The proof of the proposition 1 allowed to establish that similarly to LSWs, each word of
Dyck™W is built by combining structured fragments. However, this combination is not made
randomly. Indeed, the structured fragments are combined in such a way that the resulting frag-
ment is also structured: it thus becomes a potential Dyck™" word (all that remains is to sur-
round it with the start and end events represented by the symbols ( and )). A structured fragment
can therefore be simple (it is of the form (;);) or composite (i.e. it results from the combination
of several simple or composite structured fragments). Figure 3 through its patterns 3, 4 and 5,
shows that in the Dyck™"W language, there are exactly three ways to combine structured frag-
ments. Formally, one can define the operators CONCAT, OR and AND allowing to realise
each of these combinations of structured fragments, as follows:

Definition 7: Operators CONCAT, OR and AND

Let wy, way, ws,--- , w, be structured fragments that can compose a Dyck™" word.
1. The concatenation of these fragments is done using the operator CONCAT that acts as
follows:
CONCAT (wy, wa, w3, -+ ,Wy,) = WWalWs3 - * * Wy,.
2. The operator OR acts as follows:
OR (w1, w, ws, - ,wy) = [y (wr) (w5) (wg) - - (w,)] or
OR (wy, w9, w3, - -+ ,wy,) = [ywiwaws - - - wy,|y when there is no ambiguity. In addition,

OR (wy) is identity: i.e. OR (wy) = wy;
3. The operator AND acts as follows:
AND (wy,wg, w3, -+ ,wy) = [a(wy) (wg) (w3) - - - (wy)]s or
AND (wy, we, w3, -+ ,w,) = [qwiwyws - - - wy,], when there is no ambiguity. In addi-
tion, AND (wq) = w;.
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Property I:
Operators CONCAT, OR and AND are well-defined functions of domain 7* x --- x 7* and
codomain 7 where 7T is the set of terminals of G p,.sw presented in definition 6.

3.2.1 The serialisation principle

The first step to serialise a given GMWf G = (S, P, .A), is to know how to rewrite the right-
hand sides of productions such as to obtain structured fragments in these right-hand parts. In
the context of this paper, this rewriting is done using the function Rw defined as follows:

Definition 8: Function Rw
For a given GMWf G = (S, P, A), the function Rw : P — S x T* takes as input a produc-
tion p € P and produces as output a rewritten version of p noted p’ € S x T* such as the right

hand side of p’ is a structured fragment that can compose a word of Dyck™*". Rw operates as
follows:

X —e ifp: X — ¢
Ru(p) — ) Ko — CONCAT ({(i)i OR ({rhs (Rw (pxij))hgjgm)}KKlpl) ifp: Xo— X133 X,

Xo — AND ({(z‘)z‘ OR ({Ths (Ruw (pr))}lsjém)}

CONCAT, OR and AND are the operators presented in definition 7%; the {pXij }1 <i<m:
the X;-productions of the GMWI{ G and e is also used to represent an empty fragment.

) ifp:X0—>X1||~-~||X‘p‘
1<i<|p|

are

Property 2:
The function Rw is well-defined (it is defined for all the types of productions used to build
GMWfs and the rewrites only make use of well-defined functions).

Property 3:
The Rw function loops indefinitely for productions that allow recursive symbols (appearing on
both the left hand and right hand sides).

Property 4:
Even more globally, the Rw function produces the expected result only for the productions of a
non-recursive GMWHT.

Knowing how to rewrite the right-hand sides of productions, the serialised version of a given
GMWT G is obtained using the function Ser defined as follows:

Definition 9: Function Ser
Ser : (S,P,A) — T*
G — <OR ({(&)Az OR ({rhs (RU} (pAij))}lgjng) }1<i<|A|>>

where the {pa,, }193\A\;13j§mi
{A; € A} are the axioms of G.

are the A;-productions and the

8For the sake of clarity in the presentation, the following OR ({rhs (Rw (px,,))}, < Smi) is noted for
OR (rhs (Rw (px,,)) .-+ ,vhs (Rw (px,,..))): this notation is also used for the operators CONCAT and AND.

im;
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Property 5:
The function Ser is well defined (as the result of the application of well-defined functions).

Proposition 3:
Any non-recursive GMWT is "serialisable" as a word in the Dyck™" language.

Proof. The function Ser that serialises a given GMWT acts by combining with the help of the
OR function, the right hand sides of the rewritten versions of the A;-productions (rewrites are
always possible when the GMWT is non-recursive). It thus combines structured fragments (the
right hand sides of the rewritten productions are structured fragments) to obtain another one.
The resulting structured fragment is surrounded by the symbols ( and ) to obtain the desired
serialisation: this one is thus a Dyck word as established in the proof of proposition 1. O

Corollary 1: The defended result in this paper
Non-Recursive LSAWfP Models are Structured Workflows (propositions 3 and 1 make this
true).

3.2.2 Anillustrative example

To better illustrate the presented concepts, let us take as an application case, the serialisation
of the LSAW{P model coming from the running example of [13]. The considered GMWf G =
(S,P,.A) is the one describing a peer review process. In it, S (the set of activities) is given by
S ={AB,C,D,S1,E1,E2, F,G1,G2, H1, H2,11,12}, A (the set of axioms) is given by
A = { A} and, the productions are the ones listed in the leftmost column of table 1. By applying
the rewrite principle described in definition 8, one should obtain the rewritten productions listed
in the rightmost column of table 1.

Productions Rewritten Productions

PliA—>B$D RPIZA%(B)B(D)D

Py: A= C3D RP: A— (c)c(e)E N(e1)er(a1)m1(11) 1) ((62)a2(m2) H2(12)12)A (F)F(D)D
P;: C—E3F RP;: C = (£)E [N(a1)er(g1) e (1)) ((g2)a2(m2) m2(12)12)A (F)F

Py: E—GL|G2 | RPy: E — [A((c1)e1(a1)ai(r)n) ((g2)a2(m2)m2(r2) 2 )]A

P5: Gl—)ngIl RP5Z G1_>(H1)H1 ([1)11

Ps: G2 — H2312 RPs: G2 — (HQ)HQ ([2)]2

P;: B—e RP;: B—e¢
PgZD—){-: RPgSD—){f
Py: F—e¢ RPy: F —¢
Pyy: Hl —» ¢ RPyg: Hl — ¢
P I1—¢ RPiy: I1 — ¢
Po: H2 — ¢ RPs: H2 — ¢
Pi3: 12 —>¢ RPy3: I2 > ¢

Table 1: GMWT productions and their rewritten versions

The serialised version of the GMWT G is finally obtained by applying the formula presented in
definition 9, and its value is as follows:

Ser(G) = ((a)alv((8)B (p)p) ((c)c(B)E [A((c1)e1(a)mi(n)n ) ((62)e2(m2)m2(r2) 12 )|a (F)F(D)D )lV)
Figure 4 gives a graphical representation of the structured workflow described by the obtained

Dyck™"™ word.
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» G1 H1 11

» G2 H2 12

Figure 4: Workflow diagram corresponding to the GMWY of the illustrative example.

IV DISCUSSION AND FURTHER WORK

The work done and presented in this paper has established that a class of workflows modelled
with LSAWITP is equivalent to the class of LSWs. The results obtained reinforce the idea that
LSAW{P language is defined on a solid formal basis that can facilitate the study of the properties
of LSAWTP models. Most of the existing studies like [14], aiming at showing the equivalence
between two classes of workflows specified in two different languages, proceed by converting
models from one language to the other. This is what has been done in this paper with the
particularity that, it was first necessary to find a formal mean (the language Dyck>"W) to specify
structured workflows. As a result, it can be observed that it is possible to model structured
workflows not only using a version of Dyck’s language, but also using the LSAW{P language.
The methodology used in this paper has been strengthened by proofs of several properties of
the manipulated mathematical tools. However, the paper was only interested in a sub-language
of the LSAWI{P language (the non-recursive LSAWfP models); an extension of the work done
here to the whole LSAW{P language would certainly be more beneficial.

The result presented here opens the way to several potential works, notably: the conversion of
LSAWIP specifications into classical formats such as those of the BPMN language, the verifica-
tion of LSAW{P models and the use of a version of the Dyck language as a workflow language.

V  CONCLUSION

In this paper, we have conducted some formalisation studies in order to show the relation be-
tween a subset of structured workflows (LSW) and a subset of workflows that can be modelled
with the LSAW{P language (non-recursive LSAWfP models). We used a variant of Dyck’s
language as an intermediate mathematical tool between the two manipulated subsets. The re-
sults of this paper help to promote LSAWITP by revealing a little more its commercial potential
and, offers some interesting perspectives in the analysis of its expressiveness. Immediate re-
search avenues that could be of interest to potential researchers are: analysis and verification
of LSAWTP specifications, conversion of an LSAWTP specification into a BPMN specification,
integration of LSAW(P as a process modelling method in various commercial BPM systems.
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Abstract

Epidemiological modelling and epidemic threshold analysis in the networks are widely used for
the control and prediction of infectious disease spread. Therefore, the prediction of the epidemic
threshold in networks is a challenge in epidemiology where the contact network structure funda-
mentally influences the dynamics of the spread. In this paper, we design and experiment a new
general structural and spectral prediction approach of the epidemic threshold. This more captures
the full network structure using the number of nodes, the spectral radius, and the energy of graph.
With data analytic and data visualization technics, we drive simulations overall on 31 different
types and topologies networks. The simulations show similar qualitative and quantitative results
between the new structural prediction approach of the epidemic threshold values compared to the
earlier MF, HMF and QMF widely used benchmark approaches. The results show that the new
approach is similar to the earlier one, further captures the full network structure, and is also accu-
rate. The new approach offers a new general structural and spectral area to analyse the spreading
processes in a network. The results are both fundamental and practical interest in improving the
control and prediction of spreading processes in networks. So these results can be particularly
significant to advise an effective epidemiological control policy.

Keywords

Epidemic threshold ; Energy of graph ; Eigenvalues ; Network structures ; Complex networks ;
Infectious disease.

I INTRODUCTION

Networks are everywhere. Several real phenomena such as disease spreading, behaviour con-
tagion, and rumour propagation are described as a spreading process in the complex system
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Symbol | Short description

A The adjacency matrix of the network.

(k), (k?) | The first (average connectivity) and second moment (connec-
tivity divergence) of the degree distribution.

Amaz The spectral radius (largest eigenvalue) of the matrix A.

15} The infection rate: rate of infection or transmission from an in-
fected individual to a susceptible individual per effective con-
tact.

v The recovery rate: rate that an infected individual will recover

per unit time (in continuous-time models) or per time step (in
discrete time models).

A The transmissibility: the infection rate scaled by y~! so that
A= B/y.

Ae The epidemic threshold, critical infection rate.

G A connected network G = (V, E') with n nodes in V and m

edges or links in E.

Table 1: Notations

[14]. These processes are widely modelled using networks or graphs. Therefore, networks are
greatly interesting and constitute fertile, and flexible tools for scientific modelling and analysis
of complex systems [17] such as an infectious disease spread over a contact network.

In the study of infectious disease spread, the basic reproduction number R is the average of
expected secondary infection number caused by a primary infectious individual introduced in
a fully susceptible host population. Ry is strongly correlated to the likelihood and extent of an
epidemic. Critically Ry depends not only on the disease but also on the host population structure
[11]. Therefore, network-based models of epidemiological contact have emerged as an impor-
tant tool in understanding and predicting the spread of infectious disease [4]. Understanding
the network structure allows for better control of the micro and macro propagation [11], [1],
and even improves the predictions. Thus, we need more sophisticated tools for analysis and
visualization of the network structure: one of these tools is the spectral theory of graph [3],
[4]. Hence, predicting whether a disease will die out or become an epidemic is known as the
epidemic threshold.

Epidemic threshold 7 denotes the incidence of a disease at which it can be considered as an
epidemic. An epidemic threshold 7 is the critical 5/ ratio value beyond which an infection
becomes an epidemic [21]. Nevertheless, 7 is commonly linked to the R, that allows the defini-
tion of the epidemic threshold concept [7]. 7 depends not only on the transmission and recovery
rates of a disease but, also fundamentally on the network structure [21]. Therefore, the accuracy
of the prediction and understanding of epidemic thresholds on complex networks is a challenge
in the field of network science. To clarify some basic concepts of this work, Table 1 defines
some basic notations used in this work.

The aim of this paper is to design and experiment a new general structural and spectral pre-
diction approach of the epidemic threshold. This should be substantially similar to those in
the literature and accurately captures the full network structure but is not limited by it. There-
fore, we propose a new general and spectral approach to analyse the spreading processes in a
network.
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The layout of this paper is organised as follows: Section 2 reviews the previous approaches
and their limitations. Section 3 presents the issue of epidemic threshold, energy of graph, and
spectral theory of the graph. Section 4 describes the proposed new approach while section 5
presents the experimentation, results, and discussions. We conclude in section 6.

I THE PREVIOUS APPROACHES AND THEIR LIMITATIONS

In the literature, there are many successful theoretical approaches of the epidemic threshold.
We denote various benchmarks generally used to provide an approximation of the epidemic
threshold related to the dynamic spreading in real networks. This includes the Mean-field (MF),
Degree-based mean-field (DBMF) or Heterogeneous mean-field (HMF) and Quenched (QMF)
also called Individual-based mean-field (IBMF ).

2.1 The Mean-field (MF) approach

The Mean-field (MF) approach is based on the works of Kephart and White who adopted a mod-
ified homogeneous approach where directed graphs model the communication among persons
[12]. Formally, here, in a homogeneous network, the epidemic threshold is denoted by Eq. 1:

1
AME = 1
c ) ey
where (k) is the first moment of the degree distribution. The MF assumes that all nodes in the
network are statistically equivalent: the interaction probabilities between any two nodes are the
same. Therefore, the contact network structure is not considered. However, MF approach can
be inaccurate when network degree distribution is asymmetric and heterogeneous.

2.2 The Heterogeneous mean-field (HMF) approach

To more capture network structure, [16] improved the homogeneous MF approach to obtain the
HMF by the assumption of the inability for a node (or person) to infect node that infected it.
Here, the epidemic threshold is given by Eq. 2:

HMF __ <k>
T -m @

where (k?) is the second moment of the degree distribution. HMF is more used for uncorre-
lated networks [8]. It’s more useful under the mean-field assumption of independence between
node’s infectious states. Due to its parameters and assumptions, the HMF approach can be in-
accurate for the quenched connections among nodes. Moreover, the HMF neglects the dynamic
correlations among the states of neighbours.

2.3 The Quenched mean-field (QMF) approach

Because neither the MF nor the HMF approach can capture enough the contact network struc-
ture: the Quench mean-field (QMF) approach is developed using the adjacency matrix A. This
approach is widely used to study the spreading dynamics [20]. In [21], authors proposed a
discrete-time formulation to predict the epidemic threshold problem with any assumption of
homogeneous connectivity. However, the epidemic threshold is given by Eq. 3:

(&
)\ma:c

3)
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where \,,.. is the largest eigenvalue of the adjacency matrix A. The QMF approach depends
only on the network structures. The QMF is an advanced approach that is more accurate than
the MF and HMF [20].

The QMF approach has many variants such as the N-intertwined approach [18]; the Dynami-
cal Message-Passing (DMP) using the non-backtracking matrix; the Simplified DMP (SDMP).
Nevertheless, in some specific situations, some research doubts the accuracy of the epidemic
threshold value predicted by the QMF approach [8].

As it happens, in the literature, there are many approaches to predict the epidemic threshold.
However, we are interested to develop a new general structural and spectral approach of predic-
tion that more captures the full network structure using structural and spectral properties of a
network such as a node number, adjacency matrix, spectral radius, and the energy of graph. This
new approach should be substantially similar to the earlier approaches. Moreover, it should be
also accurate. Therefore, the new approach offers a general and spectral approach to analyse
spreading processes in a network.

III THE EPIDEMIC THRESHOLD AND THE SPECTRAL THEORY OF GRAPH

The spectral theory of graph and network science are used to understand how network topology
can predict the dynamic processes [10] like an epidemic threshold in a complex system. It
analyses the relationships between the graph structure and its eigenvalues. Thus, the spectral
theory of graph plays a central role in the fundamental understanding of the network [6, 5, 4].
However, a large literature on algebraic aspects of spectral graph theory and these applications
are in several surveys, books or monographs such as [5], [6].

3.1 The eigenvalue of graph

The analysis of the eigenvalues allows us to get useful information about a graph that might
otherwise be difficult to obtain [5]. Eigenvalues have a strong relationship with the structures
of graphs. The largest eigenvalue of graph A, or A, is called the spectral radius.

3.2 The energy of graph

It’s a graph-spectrum-based quantity. The original version of graph energy from the year 1978
is based on the eigenvalues of the adjacency matrix [9]: E(G) = > | |\i], where ); is the
i eigenvalue. However, the energy of graph found unexpected large applications in areas of
science and engineering [10] such in [15] with the epidemiological applications.

IV THE PROPOSED NEW APPROACH

In the epidemic threshold study, one of the challenges is to capture the essence of the full
network structure with as few parameters as possible with accuracy. For any network, we
present a new general structural and spectral prediction approach of the epidemic threshold. Our
approach does not assume homogeneous connectivity or any particular topology in a discrete
time. We assume that during each time interval, an infected node i try to infect its neighbours
with probability 5. At the same time, i may be cured with probability . Thus, formally, the
new epidemic threshold approach ). is denoted by Eq. 4:

kn
)\KSE‘ — —1/Amaz 4
¢ TEGC @
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Here, £/(G) is the energy of graph, and k is a real scale parameter. The A\X*” means K Spectral
Energy approach of the epidemic threshold prediction. In fact, \,,., has several applications in
science such as chemistry, and computer science [6]. It’s proven that the more highly connected
a network is, the larger is \,,q. [19], and the smaller is 1/\,,,, as an epidemic threshold, which
is strongly related to the R, concept. This can exhibit a basic exponential decay model ¢,
where ¢ = eﬁt, ¢, = 1, with the single parameter \,,,,. To consider each eigenvalue,
we are interested in the energy of graph concept according to its definition. Thus, about the
fraction of the energy of graph on each node, we define A = @ In epidemic threshold
context, according to its salient features like critical or threshold values: we look at the simple

reciprocal model y = k(%), where x is a variable and k a constant or scale parameter. Hence,

the reciprocal of A is: k(glsy) = % Related to this reciprocal, we have the intuition to
observe the rate of ¢ at t = 1, over there: e~ '/Amez x El?g}) = A¥®F. Thus, the new approach to

predict the epidemic threshold A\°” is an application that associates each adjacency matrix to a
specific decay relative composition eigenvalues relating to A.

V EXPERIMENTATION, RESULTS AND DISCUSSIONS

With data analytic and data visualisation technics on the experimental dataset in Figure 1; the
simulations are driven to answer the question of how the new prediction approach of the epi-
demic threshold is substantially similar and performs in real a good performance than earlier
approaches including the most used QMF.

The dataset describes in Figure 1 contains real networks of infectious disease spread, small-
world, random, and regular networks in spreading processes overall 31 different types and
topologies networks; 17 real social networks, 9 generated social networks, 3 random networks,
and 2 regular random networks. Here, Id refers to the network identifier, kmax refers to the max-
imum node degree in a network, k denotes the first moment of degree, k2 the second moment
of degree, den refers to the density of a network, and cc the clustering coefficient. However,
with data visualization technics based on numerical and graphical simulations overall these net-
works: different sets of predicted values MF, HMF, QMF and the new KSE epidemic threshold
are been computed, analysed, visualised, and discussed.

In Figure 2, we can show that the network Id 5, 9, 11, 12, 13, 14, 15, 17, 18, 19, and 21
have nearest predicted values of the epidemic threshold. Thus, the new proposed approach of
epidemic threshold KSE has substantially similar common features with the earlier approaches,
specifically with the widely most used accurate QMF. The summary descriptive statistics values
of the MFE, HMF, QMF and the proposed KSE are built in Table 2. Here, for the widely used
QMF approach in the literature, we observed that the new proposed approach KSE has the 2"
quantile ()2) more similar. The new proposed approach KSE is similar for the major descriptive
statistic characteristics like the mean, std, ()>, ()3 and range related to the QMF. This means
that the new KSE approach is similar to the earlier and shares major features with the earlier,
specifically with the widely used accurate QMF. Theoretically, those results come from the
eigenvalues concept at the root of QMF and KSE approach.

Moreover, the area, curve and shape of each epidemic threshold value can be observed in Figure
3. Here, we can show that the area of all epidemic thresholds have a substantially similar area,
curve and shape over the range of the 31 different experimental networks in the dataset. They
share the same shape, curve and sense of variation. This means that the new proposed approach
KSE is similar to the earlier one.
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Id Network Type Nodes Links kmax k k2 den cc
0 Sociopatterns-infectious Real social network 410 2765 50 13.488 252 434 0.032978 0456
1 Alrline Real social network 36 57 20 3167 33.389 0.090476 0.000
2 Internet Real social network 40 61 10 3.050 13.000 0.078205 0.154
3 Karate club Real social network 34 78 17 4.588 35.847 0138037 0571
4 Davis Southern Women Real social network 32 89 14 5.562 39.062 0.179435 0.000
5 Florentine families Real social network 15 20 6 2667 8933 0.190476 0160
6 Les miserables Real social network 77 254 36 6.597 79.532 0.086808 0.573
7 Watts Strogatz 1 Generated social network 1000 2000 10 4.000 17.898 0.004004 0.007
8 Watts Strogatz 2 Generated social network 3000 12000 18 8.000 67.741 0.002668 0.008
9 Connected Watts Strogatz 1 Generated social network 1000 2000 1 4.000 17.776 0.004004 0.008
10 Connected Watts Strogatz 2 Generated social network 3000 12000 16 8.000 68.055 0.002668 0.007
11 MNewman Watts Strogatz 1 Generated social network 1000 3613 12 7.226 54172 0.007233 0157
12 Newman Watts Strogatz 2 Generated social network 5000 36028 23 14411 211.592 0.002883 0.200
13 Newman Watts Strogatz 3  Generated social network 24 84 9 7.000 49867 0.304348 0493
14 Barabasi Albert Generated social network 1000 4975 150  9.950 211.636 0.009960 0.044
15 Barbell Generated social network 1005 1010 5 2010 4.066 0.002002 0.005
16 Random 1 Generated network 1000 3500 17 7.000 56.174 0.007007 0.009
7 Random 2 Generated network 140 6811 111 97.300 9495843 0.700000 0.700
18 Dense gnm Random Generated network 1000 3500 16 7.000 56.016 0.007007 0.009
19 Random regular 1 Generated network 1000 1500 3 3.000 9.000 0.003003 0.003
20 Random regular 2 Generated network 1000 4500 9 9000 81.000 0.008009 0.007
21 Facebook 1 Real social network 52 146 16 5615 48,682 0.110106 0.462
22 Facebook 2 Real social network 61 270 29 8.852 109.705 0.147541 0733
23 Facebook 3 Real social network 168 1656 77 18714 645.321 0.118050 0.534
24 Facebook 4 Real social network 150 1693 57 22.573 680.240 0.15148% 0670
25 Facebook 5 Real social network 333 2519 77 15129 469.526 0.045570 0.508
26 Facebook 6 Real social network 224 3192 99 28.500 1312.554 0.127803 0.544
27 Facebook 7 Real social network 534 4813 107 18.026 539.884 0.033820 0.544
28 Facebook 8 Real social network 786 14024 136 35684 2086.852 0.045458 0476
29 Facebook 9 Real social network 1034 26749 253 51.739 4886.236 0.0530086 0526
30 Facebook 10 Real social network 747 30025 293 80.388 10593.861 0.107759 0635

Figure 1: The summary of structural information about networks in the dataset
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Figure 2: The scatter dashed line visualization of MF, HMF, OMF and the proposed KSE prediction
approach of the epidemic threshold
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MF HMF | QMF | KSE
count | 31.000 | 31.000 | 31.000 | 31.000
mean | 0.151 | 0.157 | 0.110 | 0.131
std 0.120 | 0.194 | 0.091 | 0.059
min | 0.010 | 0.008 | 0.006 | 0.050
25% | 0.061 | 0.034 | 0.027 | 0.107
50% | 0.125 | 0.125 | 0.111 | 0.122
75% | 0.199 | 0.159 | 0.149 | 0.148
max | 0.497 | 0977 | 0.333 | 0.383
IQ 0.138 | 0.124 | 0.120 | 0.040
range | 0.487 | 0.970 | 0.327 | 0.332

Table 2: The summary of the descriptive statistic values of the MF, HMF, QMF and the proposed KSE

prediction approach of the epidemic threshold

Furthermore, the gap or difference between predicted values of the epidemic threshold related
to the new KSE is analysed. The summary of its descriptive statistics is shown in Table 3.
Here, for any p, g epidemic threshold, e_p_g means the Euclidian gap or difference of p to
q: p - q. In Table 3, the standard deviation of the gap or the difference between the QMF
and the KSE is 0.078. All the gaps are relatively low. Relatively low is related to the earlier
approaches particularly lowest to the most used QMF. Moreover, the new KSE approach shares
major common features with the earlier, specifically with the most used accurately QMF.

1.0 A

Value of epidemic threshold

10

15

Network Id

20

0 MF

25 30

Figure 3: The area visualization of MF, HMF, QMF and the proposed KSE prediction approach of the

epidemic threshold
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e_MF_KSE | e HMF_KSE | e QMF_KSE
count | 31.000 31.000 31.000
mean | 0.019 0.026 -0.022
std 0.093 0.182 0.078
min | -0.068 -0.279 -0.221
25% | -0.056 -0.066 -0.074
50% | 0.010 -0.022 -0.0350
75% | 0.025 0.034 0.007
max | 0.308 0.788 0.188
IQ 0.081 0.099 0.081
range | 0.375 1.066 0.409

Table 3: The summary of the descriptive statistic values of the gap or difference between MF, HMF, OMF
prediction approach related to the KSE

SUMsq df F PR(>F)
C(epidemic_threshold) | 0.043670 | 3.0 0.913627 | 0.436623
Residual 1.911935 | 120.0 | NaN NaN

Table 4: The ANOVA F and p-value using the Ordinary Least Squares to the MF, HMF, QMF prediction
approach related to the KSE

Furthermore, to analyse the statistical difference among these experimental sets of epidemic
threshold predicted values, we have used the univariate ANalysis Of VAriance (ANOVA) test
using the Ordinary Least Squares (OLS) model, or the Bioinfokit Python package. We obtain
the summarized output of ANOVA F and p-value in Table 4 where sumg, denotes the sum
of squares, df denotes the degree of freedom, F' the F-statistic, and PR the P-value. Here, the
p-value 0.44 > 0.10. Hence, the null hypothesis is accepted. Thus, there is "not significant" sta-
tistical difference between different sets of epidemic threshold values. So, once again, ANOVA
shows that the new proposal KSE epidemic threshold is similar to the earlier generally used in
the literature.

Overall, we observed that the new KSE prediction approach of the epidemic threshold is sub-
stantially similar to the earlier in the literature. Both KSE and QMF perform better than the
other approaches in terms of « accuracy ». Moreover, KSE offers a new approach to predicting
the epidemic threshold using nodes number, spectral radius and energy of the graph. Hence it
constitutes a new general and spectral approach to analyse the spreading processes in a network
through structural and spectral properties of a network.

The potential advantages and benefits of the KSE new approach compared to the earlier
We established an analytical comparative study in Table 5. Here, the term relatively is related to
the context and dataset of this study. This term refers to the possible suggestive theoretical in-
terpretations, or missing formal proofs. Moreover, contextually in Table 5, the criteria accuracy
refers to the quality to capture the full network structure; Transparency, is the quality to assess
rule, and function of each parameter in the formula, even the assessment of the parameters in
relationship; Flexibility refers to the ability to change or be real scale easily; and parameter,
refers to the quality of parameter(s), its number, also their meaning in the relationship. Never-
theless, no model or approach is perfect; the new KSE can have a potential appropriate balance
of accuracy, transparency, flexibility, and parameter.

African Journal of Research in Computer Science and Applied Mathematics Page 8 of 11



Model | Accuracy Transparency Flexibility Parameter

MF Relatively poor fit: | Relatively easy: sin- | Relatively poor: due | The use of a single pa-
network  structure | gle parameter (k). to its assumptions. rameter (k).
isn’t considered.

HMF | Relatively poor fit: | Relatively medium: | Relatively medium: | The use of 2 parameters
due to its parameters | can assess the role of | due to its assump- | (k), (k?).
can be inaccurate. (k), (k?). tions.

QMF | Relatively medium | Relatively easy: due | Relatively good: due | The use of a single pa-
fit: captures network | to it single parameter | to its assumptions. rameter \,,qq.
structure using only | Apaz.
)\maz

KSE | Relatively high fit: | Relatively medium: | Relatively im- | The use of {Anaz,
captures the full net- | parameter  assess- | proved: due to its | E(G),n,k} structural
work structure using | ment in relationship | assumptions, using | and spectral parameters
{Anaz> E(G), n, k }. | can be complex. {Amaz, E(G),n} in relationship.

and a scale k.

Table 5: The potential advantages and benefits of the new approach over the earlier: a qualitative com-
parison between MF, HMF, QMF and the new KSE prediction approach of the epidemic threshold

Furthermore, according to the relationship between the epidemic threshold and R, we have
driven some real case studies related to the previous work in the literature about the R,:
* The dataset used in [2]: small-world networks of the Newman Watts Strogatz model for
24 nodes, each of which is connected to 6 nearby nodes, where the probability of an extra
link is 1/6.
* The dataset used in [13]: # = 0.005,6 = 0.9,y = 0.9. Authors have used these parame-
ters for the simulations, and their differential equations.
Table 6 shows the structural information of the used datasets. However, under the assumption

(k) | (k%)
6.916 | 48.583

Id | Network
1 | Newman Watts Strogatz

den
0.301

Type n |m
small-world | 24 | 83

Table 6: The summary of structural information from the dataset

cc
0.536

of a density-dependent transmission, by definitions: Ry = fn/~, yet A\ = [3/7; thus Ry =
Ac X1 . So, we obtain the following results in the Table 7. We can observe that the structural R

QMF AKSE rigina

Id | M\uow )\?MF Ai(SE Sc e Roo ginal
1 |7.116 | 0.140 | 0.133 | 3.360 3.192 3.268

)\éQ]\/IF

)\CQMF’ /\é(SE

KSE
Table 7: Comparison between different structural , RE)\C related

to the original RUOMQ inal

, and structural R
based on differential equations

AQMF \KSE . QMF KSE ..
denoted Ry, Ry®  respectively based on A¢y™ ", and A;'°™ are very closed to the original
value of Ry obtained using differential equations in [13, 2]. These results highlight the

similar accuracy of the KSE related to the earlier approach, specifically to the most used QMF.
Besides, these results bring nearer the network-based model for the structural approach of R
and the mathematical modelling approaches of R, using a system of differential equations.
This result emphasises the usefulness of network-based structural approach for the prediction
of some key epidemiological parameters such as \., Ry.
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VI CONCLUSION

In this paper, we address the accurate understanding and prediction of the epidemic threshold on
the complex networks in the spreading process context. Here, network structure fundamentally
influences the dynamics of the spreading processes with a boundary condition for spreading
processes over networks like the epidemic threshold. Therefore, to improve the structural pre-
diction approaches, we have designed and experimented a new general structural and spectral
prediction approach of epidemic threshold called KSE. The new approach further captures the
full network structure using nodes number, spectral radius, and the energy of graph. We have
driven simulations on 31 networks at different structures and topologies: 17 real social net-
works, 9 generated social networks, 3 random networks, and 2 regular random networks. With
data analysis and data visualization techniques, the simulations show that the new KSE approach
is similar to the earlier MF, HMF, OQMF and shares major features with the earlier, specifically
with the most used accurate QMF approach. The new prediction approach of the epidemic
threshold offers a new general and spectral area to analyse the spreading processes over a net-
work. The results are both fundamental and practical interest in improving the control and
prediction of spreading processes over networks. Particularly meaningful to decision-makers in
public health who can use these results to improve the control of an infectious disease spread,
and also to inform policy to improve the successful mitigation and eradication strategies. Fu-
ture research can examine the temporal evolution of a specific infectious disease in a network.
As well as to enhance the proposed epidemic threshold approach with other spectral theory of
graph concepts.
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Abstract

The coffee berry borer (CBB) Hypothenemus hampei (Coleoptera: Scolytidae) is the most impor-
tant insect pest affecting coffee production worldwide and generating huge economic losses. As
most of its life cycle occurs inside the coffee berry, its control is extremely difficult. To tackle
this issue, we solve an optimal control problem based on a berry age-structured dynamical model
that describes the infestation dynamics of coffee berries by CBB during a cropping season. This
problem consists in applying a bio-insecticide at discrete times in order to maximise the economic
profit of healthy coffee berries, while minimising the CBB population for the next cropping sea-
son. We derive analytically the first-order necessary optimality conditions of the control problem.
Numerical simulations are provided to illustrate the effectiveness of the optimal control strategy.

Keywords

Plant-pest interactions; PDE dynamical model; Impulsive control; Maximum principle; Numerical
simulations; Hypothenemus hampei

I INTRODUCTION

Coffee berry borer (CBB), Hypothenemus hampei (Coleoptera: Scolytidae) is the most dam-
aging insect pest of coffee worldwide, affecting both the yield and quality of coffee products
[1, 5], and causing more than US$500 million in damages annually [6]. The CBB life cycle
is composed of five distinct stages: egg, larva, prepupa, pupa and adult [11]. It starts when
an adult (fertilised) female emerges from an infested berry to seek a new host. It selects and
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bores a hole in a uninfested berry. It lay its eggs in internal galleries and remains inside the
coffee berry after oviposition until it dies. After hatching, the larvae feed on the coffee seeds.
Young females mate with their male siblings inside the berry. Male CBB do not fly and remain
inside the berry [8]. Fertilised females emerge from the infested berry, and the loop is closed.
The choice of a new host by colonising females depends mainly on the age of the coffee berry.
CBB attack immature and mature coffee berries from three months after flowering up to harvest
period, with a preference for older berries [9].

In response to CBB attacks, integrated pest management programs for coffee plantation have
been developed, which involve several control strategies. Chemical control consists in applying
synthetic insecticides designed to kill the CBB during the colonisation of young coffee berries
[11]. Biological control is based on natural enemies or products derived from living organisms
and aims at maintaining CBB at an acceptable level of harmfulness. The main enemies of CBB
are parasitic Hymenoptera, certain entomopathogenic fungus and nematodes [5, 11]. Cultural
practices consist of various activities, such as sanitary harvesting, which is the elimination of
residual berries present on the branches of trees and on the ground [5, 11]. Finally, trapping
methods consist in using attractive traps to capture colonising females during their migration
flights [7].

The purpose of this work is to optimise CBB control strategies consisting in spraying a biocon-
trol agent or bio-insecticide at discrete times. It is based on a dynamical model describing the
interactions between CBB and coffee berries during a cropping season, which incorporates a
berry age structure to account for CBB preference for older berries [15]. To achieve this goal,
we formulate and solve an optimal impulsive control problem whose objective is to maximise
the profit, while minimising the CBB population for the next cropping season. We previously
studied a similar problem in [14], but the model did not include the berry age structure and the
control was continuous instead of impulsive. The present paper hence proposes two notable im-
provements compared to our previous work. Impulsive bio-insecticide spraying, in particular,
is more relevant for field implementation.

The remainder of the paper has the following structure. In Section II, we formulate the control
problem. In Section III, the first order necessary conditions for optimality are established.
Finally, results are illustrated by numerical simulations in Section IV.

II THE MODEL AND CONTROL PROBLEM STATEMENT

2.1 Coffee berry—CBB interaction model

In this study, we consider the epidemiological model proposed in [15] describing the infestation
dynamics of coffee berries by CBB. Coffee berries are characterised by their age and their epi-
demic status: s(t,a) and i(t, a) are respectively the age-specific density of healthy and infested
coffee berries at the time ¢ and age a € [0, a;|, where a; is the maximal berry age. The CBB
population is divided in two groups, the colonising females denoted by y(¢), which correspond
to the flying fertilised females looking for their host, and infesting females that are laying eggs
inside the berries. Although the sex ratio is largely female-biased [5], we assume that there are
enough males in each generation to fertilise young females. The infestation dynamics of coffee
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berries by CBB are described by the following age-structured model:

Os(t,a) + Oas(t, a) = —P(a) f(B,y)s(t,a) — p(a)s(t, a),

(t
9i(t,a) + 0ui(t, a) = B(a) f(B,y)i(t, a) — v(a)i(t, a), 0
y(t) = = f(B,y)lIBs(t, )l — pyy(t) + ¢z(1),
2(t) =ef (B, y)lIBs(t, )| — psz(t),
completed by the following boundary and initial conditions:
s(t,0) =g(t), i(t,0)=0, s(0,a)=sp(a), i(0,a)="1p(a). (2)

In this model, new healthy berries are produced at time-dependent rate g(¢). The colonis-
ing CBB females infest the healthy berries at rate 5(a)f(B,y), where ((.) is the berry age-
dependent infestation rate and f(.,.) is an interaction function which depends on the total
healthy berries B(t) = [/ s(t,a)da and colonising females y. This creates a berry trans-
fer from healthy s(t, a) to infested berries i(¢, a) and simultaneously, from colonising y(t) to

infesting females z(t) (with [|Bs(t,.)|| = [;'" B(a)s(t,a)da). The scaling parameter ¢ corre-
sponds to the number of colonlsmg females per 1nfested berry; usually, ¢ = 1 CBB/berry, since
super-parasitism is rarely observed in the plantation [9]. Infesting females lay eggs inside the
coffee berries, which go through their development cycle until fertilised adult females emerge
at rate ¢. Colonising and infesting CBB females undergo mortality at rate 1, and fi.; healthy
and infested berries at the rate ;1(a) and v(a). This model relies on the following assumptions.

Assumption 1: Positivity and smoothness of the functions and parameters of system (1)

1. Parameters ¢, €, ji,, 1. and initial conditions ¥y, 2o are nonnegative.

2. g(.) € L(0,00), 5(.) € LL(0, at); boundary conditions s(.), %(.) € L% (0, a4) and are
bounded.

3. Mortality rates 1(.), v(.) € L(0, at), v(a) > p(a); moreover, there exists a real number
f > 0 satisfying p1(a) > ji for almost every a € [0, ay).

4. Contact function f(.,.) is bounded and C'-Lipschitz continuous for both arguments;
moreover, f(B,y) decreases with B and increases with y, with f(B,0) = 0 and for
ally > 0, Bl_i}rJrrloo f(B,y)B is finite.

(LY.(I),]].]]) is the space of nonnegative measurable functions L' (/) equipped by the product
norm and (L (1), ||.||~) the space of nonnegative functions L>°(I) over the set I C R.

We then include in this model the possibility to apply a bio-insecticide at discrete times in
the coffee plantation. The bio-insecticide can for instance be based on the entomopathogenic
fungus Beauveria bassiana [13]. It prevents berry infestation: when a colonising CBB bores
its hole in a healthy berry and comes into contact with the bio-insecticide, it gets killed by the
biocontrol agent. To implement this control in the model, we introduce a new state variable
v(t), which corresponds to the bio-insecticide load in the plantation at time ¢. Note that variable
i(t, a), representing infested berries, does not appear in the remaining equations of system (1)
and is not affected by our control. Therefore, one can drop the i(t, a)—equation to control the
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system dynamics. We then obtain the following controlled system:

(Ois(t. a) + 0as(t,a) = —B(a)q(v(t) f(B,y)s(t,a) + pu(a)s(t, a),
y(t) = —ef(B,y)lIBs(t, )| — nyy(t) + ¢z(t),
() = eq(u(@) f(B,y)lBs(t, )| — p=z(1), 3)
0(t) = —yu(t), fort # t,,
Av(t,) =v(th) —v(t,) = h, fort=t,,
\ s(t,0) =g(t), s(0,a) =so(a), y(0)=yo, 2(0)= 2, U(O+) =

The control h,, > 0 is applied periodically in the plantation at discrete times ¢,, = n7, where n €
{0,1,2,..., Ny} and 7 is the application period, i.e. the time elapsed between two successive
applications. The ¢} notation depicts the instant just after ¢,,, so v(t;") = lim; o+ v(t,, + j) is
the bio-insecticide load instantly after the control application. The bio-insecticide load persists
in the plantation and decays with rate . Its initial condition v(0") is nonnegative. As in [14],
function ¢(.) : R, — Ry represents the modulation of the CBB infestation rate by the bio-
insecticide as follows: ¢(v) = 1 — +k, where ¢ € (0, 1) denotes the maximal effectiveness of
the bio-insecticide load and the positive constant % the load half saturation.

2.2 Optimal control problem

We now formulate the optimal control problem. The main goal of coffee growers is to produce
good quality coffee berries, that can be sold at a high price, with low control costs, so as to
maximise their profit. They also aim at reducing the CBB population at the end of the cropping
season, to limit the risk for the next season. We assume that the harvest takes place at the end of
the cropping season, denoted by ¢ ;. We also assume that (almost) all berries, and hence (almost)
all infesting females that are inside berries, are picked at ¢ , so that only colonising females
(y) remain in the plantation after harvest. Lastly, we assume that infested coffee berries have a
negligible monetary value, so that the yield consists only of healthy berries. We define the class
of admissible controls as:

M= {h=(h,) € R¥* 0 < h, < hpay, V0 €{0,1,2,... N; 1},

where h,,.x represents the upper bound of control. The objective functional is defined for con-
trol h = (hn)nefo,1,2...v,1 € M as follows:

j(h):/o ©(a)s(ty, a da—ZC’ Cyy(ty), 4)

subject to the impulsive evolution System (3). The first term is the coffee berry yield, where
function ©(.) denotes the price of healthy berries, a bounded, continuous and increasing func-
tion of the berry age. The second term represents the control cost, where C'(.) is a continuous
function of the control h,,. The last term is a penalty on the CBB population that remains in the
plantation after harvest, weighted by constant C,.

Our purpose is to maximise the objective functional over the admissible class of controls, i.e.
seek h* = (I}, )nefo,1,2...n,) that belongs to M so that:

J(h*) = max J(h). Q)]
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III OPTIMALITY CONDITIONS

We first establish the existence of an optimal solution to problem (5) in Theorem 1 (see proof
in Appendix 1.1) and then characterise the solution using the maximum principle method.

Theorem 1:
There exists an optimal control application h* = (hfl)ne{(),l,g’,,, Ny} that belongs to M, which
maximises the objective functional 7 (.) subject to system (3).

Using the framework of [4] and [3], we derive the optimal control from a combination of the
state and the adjoint variables. We determine the adjoint equations by first introducing the sen-
sitivity functions. Let us denote p = (s, y, z,v) and define the solution map: » — p(h). The
sensitivity functions are defined by the Gateaux derivatives: for h € RV 1, (A, Ay, A, \,) =
lim_q+ € * [p(h + €h) — p(h)]. Consequently, the sensitivity functions A (¢, a), Ay(t), A (t)
and \,(t), corresponding to the state variables s(¢, a), y(t), z(t) and v(t), satisfy the following
equations:

(O + B\ = —q(0)[B(@)F(B,y)As + B Fu(B, )lIN]| + B3y (B,y)Ay]

+4,(0) F(B,y)BsA, — ks,
Ay = 0N — ef(By)lIBA] — lBsllf, (B.y)A, — ellBsl fo (BN - Ay, ©
A = q@)ef(ByIIBNN + lBsllf, (B.y)A, + £l Bsl fa(B y) AN

( — @()ef(B,y)||Bs][ A — p=Az,
and:
A = =Y\, fort #£t,, o
M(t) = No(tn) + hy fort =t,, n=0,1,2,...N;.

Functions f,(.,.), fs(.,.) and g,(.) represent the partial derivatives of functions f(.,.) and ¢(.)
with respect to their arguments y, B and v. The sensitivity functions respect the following initial
and boundary conditions:

A(5,0) =0, A(0,a) =0, A (0) = A.(0) = A, (0) = 0. (8)

Next, we introduce ®4(¢,a), ®,(t), ®.(t) and ®,(), the adjoint variables corresponding to the
state variables s(t,a), y(t), z(t) and v(t) respectively. The adjoint equations are derived by us-
ing the adjoint operator associated with the sensitivity equations (6,7), together with appropriate
tranversality and boundary conditions. The adjoint equations are given by:

(0:®s + 0aPs = q(v)[Bf (B, y)(®s — £®.) + f5(B,y) (|35 — €| Bs]|D-)]
+ [€6f<va> + EHﬁSHfB(B7y)] (I)y + ,u(I)S,
Dy = q(v)fy(B,y) [—€l|Bs|| . + [|BsPs[[] + el 85| fy (B, y) Py + 11y Py, 9)
(i)z = _¢<I>y + qu)za
b, = q,(0) f(B,y) [ B, ]| + ]| Bs]| -] + 1Py,

\

and:

P,(th) = d,(t,) for n=0,1,2,... Ny, (10)
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with the following tranversality conditions:
Qy(tr,a) =0(a), P(t,a;) =0, P,(t;) =—-Cy, P@,(ty) = Pyu(ty) =0. (11)

We obtain the following result about the characterisation of the optimal control strategy.

Theorem 2:
For any optimal control application h = (hn)ne{0,1727_,_ N;3 € M, then the Giteaux derivative
of J(.)is D J(h) = ivio [®,(t}) — C"(hy)] by, wWhere C’(.) represents the derivation of

function C(.) with respect to its argument h,, and h € V,, with the set V, := {h € RN/ *1: Je €
0,1]; b+ €h € M}.

The method used to prove Theorem 2 is the impulsive maximum principle (see proof in Ap-
pendix 1.2), which gives the first order necessary optimality conditions [3, 4], but does not
provide an efficient way to compute the optimal control.

We now suppose that the control cost is C(h,) = nh2, so that the objective functional (4) is
quadratic in control. For this particular cost function, Theorem 3 provides a means for comput-
ing the optimal control strategy (see proof in Appendix 1.3).

Theorem 3:
There exists an optimal control h* = (h;)ne{o71,27__.Nf} € M, with corresponding optimal
states s*(¢, a), y*(t), 2*(t) and v*(t), maximising the objective functional 7 (.) defined in (4).
Moreover, the characterisation of the optimal control h* is given by:

O, (t1)

n

h;:max{o,min{ ,hmax}}, Vn €{0,1,2,...Ns}. (12)

IV NUMERICAL SIMULATIONS

We present numerical simulations illustrating the effect of the optimal control strategy on the
infestation process of coffee berries by CBB in the plantation. Some system parameters, in
particular those associated with the development cycle of the CBB and the infestation rate are
estimated from the literature [11]. More information is available in [12, 14, 15]. Our numeri-
cal approach is based on an extension of the forward-backward sweep method [10], originally
proposed to solve the optimal control of continuous ordinary differential equations with impul-
sive controls. The procedure consists of the following steps: first, the state equations in (3) are
solved using the forward semi-implicit finite difference in time and backward difference in age,
with an initial guess for the control variable. Second, the adjoint equations in (9) are solved
by backward semi-implicit finite difference in time and forward difference in age, using the
solutions of the state equations. Next, the control is updated with the new values of the state
and adjoint solutions given by Theorem 3. The algorithm is repeated until the states and control
converge.

In the simulations, a constant berry production rate g(¢) = ¢ and an age-independent berry
mortality rate pi(a) = p are chosen. Furthermore, the infestation rate is defined by the following
function:

Buin 0<a<ag,
Bla) = () ’ (13)
/Bmin—i_ﬁa(]-_e A B) GQSCLSCLT,
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its average value being 3 = i ;7 B(a)da. The CBB-berry interaction function f is modelled
by f(B,y) = m' More details on these functions are given in [15]. To apply Theorem 3,
we use a quadratic control cost C'(h,) = nh?. Moreover, we choose a sigmoid function to
model the price of healthy coffee berries according to berry age:
@ m
Oa) = ——, (14)
am + agy

where O is the asymptotic price of healthy coffee berries, ag is the age at which berries are at
half asymptotic price and m € N* is the Hill constant. Note that with a finite age bounded by

m

. . . . @aT
as, the maximum price that mature berries can reach is AT ram
t T9e

Moreover, we use the following initial conditions. At the beginning of the cropping season,
flowering has not started yet. We also assume that there are only colonising females, as infesting
females were eliminated from the plantation when berries were picked during the preceding
harvest. So there are initially neither coffee berries nor infesting females, i.e. so(a) = 0 for all
a € [0,a4] and 2(0) = 0. The number of initial colonising females is set at y(0) = 10* females.
We also assume that the control is absent in the plantation so the initial load is v(0) = 0.

We consider two periods for the bio-insecticide application in the plantation during the cropping
season in Figures 1 and 2: 7 = 7 days (1 week, red curves) in and 7 = 14 days (2 weeks,
magenta curves). All parameter values are given in Table 1.

In Figure 1, panels (a—d) show the dynamics of the state variables, panel (e) the optimal bio-
insecticide application; panel (f) represents the effect of bio-insecticide load on the infestation
rate, thatis o(v) = 1 — q(v) = % Trajectories of colonising and infesting females increase,
both in the uncontrolled (dashed blue curves) and controlled (red and magenta curves) case.
Due to the CBB preference for older coffee berries, this growth starts slowly. In all cases,
the bio-insecticide (panel (e)) is applied at its maximal value at the beginning of the cropping
season and decreases progressively. Its effect (panel (f)) rapidly increases but remains below
its maximum value (¢ = 0.8), which denotes a trade-off between the control effectiveness and
its cost. The colonising (panel (b)) and infesting (panel (c)) female trajectories are much lower
when the optimal control is applied (red and magenta plain curves) than in the case without
control (dashed blue curve). Consequently, the healthy coffee berries (panel (a)) are notably
higher with control at the end of cropping season. The control is more effective when applied
weekly than every two weeks (Figure 1), both in terms of healthy berries and colonising females
at the end of the cropping season. However, this result could change if the control cost function
C' in the objective functional (4) was modified, for instance if the bio-insecticide cost 7 was
higher or if C' included fixed labour costs for each application.

Figure 2 illustrates the evolution of the final berry density and price of coffee berries as functions
of the berry age at harvest for bio-insecticide applications every week (red curves) and every
2 weeks (magenta curves). We observe a strong decrease of the mature coffee berries (> 90
days) without and with control (left panel) due to the berry age preference of CBB. However,
the price distribution of berries increases with berry age but remains considerably lower than in
the case without CBB (right panel). Without control (blue curves), one can observe the strong
impact of the infestation rate (blue shaded area), as well as the effect of CBB preference for
older berries: with the same average value for the infestation rate, the final berry density is
higher with (dashed curve) than without (plain curve) age preference. Indeed, in the former
case, young berries have a better chance to remain healthy.
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Figure 1: Simulation of system (3) without control (dashed blue curves) and with weekly (plain red
curves) and every 2 weeks (plain magenta curves) optimal bio- insecticide applications. The healthy
berry growth without pest is also represented in (a) (dash-dotted black curve).
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Figure 2: Age distribution of the healthy coffee berries and their price (yield) at the end of the simulation
(t = ty) with optimal bio-insecticide application every week (plain red curves) or every 2 weeks (plain
magenta curves), without control (dashed blue curves), and without pest (dash-dotted black curves).
Cases without control and with various constant age-independent infestation rates [ are also represented
(blue shaded area delimited by Bmin and Bmax = Bmin + B, plain blue curve for average value B).
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V  CONCLUSION

In view of the extent of damages caused by CBB in coffee plantations, we aimed in this work
at controlling the infestation dynamics of coffee berries by CBB. The control is based on the
application of a bio-insecticide at discrete and periodic times, to prevent CBB from infesting
healthy berries. The controlled model we used is a semi-discrete system with a continuous berry
age structure to represent the CBB preference for older berries. An optimisation problem was
formulated in order to maximise the yield of healthy coffee berries, while minimising the cost
of control, as well as the remaining CBB population for the next cropping season. We showed
the existence of an optimal control and gave its characterisation using the maximum principle.
Numerical simulations confirmed that the application of the bio-insecticide effectively controls
the CBB and considerably increases the yield and profit at the end of cropping season. Weekly
applications were found to be more efficient than applications every two weeks, both in terms
of CBB population reduction and profit maximisation.
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A APPENDIX

1.1 Proof of Theorem 1

Let hy, = max{h,,Vn = 0,1,2,... N}, we have the inequality v(¢;") < v(¢,) + Ay, Let w(t) be the solution
of the impulsive system

w(t) = —yw(t) for t # t,,
Aw(t,) =wt)) —w(ty) = by, fort=t,, n=0,1,2...

Then, for ¢ € (t},t,+1), we have from the first equation of system above w(t) = w(t;")e~7(*=t»)_ Therefore we
getw(t; 1) = w(t,)e "+ hy. Ase 7™ < 1, we deduce that the sequence (w(t;})),, converges to a fixed point,
o= (t—tn) A

m < m

that is w(t}) — 1 Z ~+. Finally, we obtain the following periodic solution of w(t) = *mf——r— < ;.
Therefore, from the comparison principle [2], we get v(t) < w(t) < 1_’“;7_77 Hence the state v is bounded. Since
function q verifies 1 — ¢ < g(v) < 1, then by the comparison principle and using the same approach as in [15], the

subsystem defined by the s(¢, a), y(¢) and z(t) variables has a unique nonnegative and bounded solution.

Since the state variables of system (3) are bounded, the objective functional 7(.) is finite. So it is possible to define
d = sup,c ¢ J (h) and thus, there is a maximising sequence (h7) ey so that the sequence (7 (h7));jen converges
to d. Since the set M is compact, then there exists a sub-sequence still denoted by (h’);en that converges to
h* = (h},)ne{o,1,2,..n;} S0 that h* belongs to M. As the objective functional 7 (.) is continuous, then it follows
that 7 (h*) = d. This achieves the proof. O

1.2 Proof of Theorem 2

Let Q := [0, %] x [0, a4]. For any given h € V), there is € > 0 small enough, such that h¢ := h + eh € M. Let
s¢(t,a), y(t), 2°(t), and v (t) be the solution of system (3) corresponding to the control strategy h¢. Then, the
directional derivative of objective functional 7 (.) is given by

D,:bj(h)z lim e [j(h—‘rﬁh / @ tf, dCL—ZC/ h (tf) (15)

e—0t

Multiplying the equations of the sensitivity system (6) by the adjoint state variables ®,(t,a), ®,(t), ®,(t) and
®, (t) respectively, and also the equations (9) by the sensitivities A, (£, a), Ay (%), A-(£) and A, (t) respectively. We
derive the following relation:

tr tr tr
/)\S [0:Ps + 0,Ps] dadt  + / )\y<I>ydt+/ )\Z<I>Zdt+/ Ao @, dt
Q 0 0 0
ty . ty .
+ /<I>S [8t)\s+8a)\s]dadt+/ <I>y)\ydt+/ D, N\, dt
Q 0 0

ty .
n / ®,hydt = 0. (16)
0
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We have the following relation:

Ny—1

tr . n+1 g .
/ Dy \,dt = Z/ <I>)\dt+/ N\, dt
0 n=0 “in
Nf 1 Nf 1 ntl t‘f .
= Z (I)Q)Av bt Z / q)v/\vdt+ [(I)v)\v] */ (bv)\vdt
n=0 th
fol ty .
= > By(tnr)Mo(tns) Z@ A —/ A, dt  (since B, (tf) = 0)
n=0 0
fol

_ tr,
= > By(tnr)Mu(tnsr) ZCD (tH)[A )+hn]—/0 B\ dt

n=0

Nf tf X
= =S (1) - / Bododt  (since By(ty) = By(tt) and Dy(te) = 0). (17
0

Integrating the equation (16) and taking into account the initial and boundary conditions of equations (6)—(9) and
also the relation (17), we get the relation:

/ O(a)As(ty,a)da — Cy\, (tf) — Z‘I’ () hy = (18)
n=0
Therefore,
Ny Ny
/ O(a)\s(ty, a) da—ZC’ hn = Cydy(tr) = =Y C'(hn)hy + Y @ (t5) P (19)
n=0 n=0
Hence D; 7 (h) = SN [@,(t) — C(hn)] by for all b € V. This achieves the proof. O

1.3 Proof of Theorem 3

Let h* = (h},)nefo,1,2,....N;} € M be the optimal impulsive control which maximises the objective functional
J(.) and let s*(t, a), y*(t), z*(t) and v*(t) be the corresponding state variables. Then, for an arbitrary but fixed
h € V- and there is € > 0 small enough such that 7(h* + eh) < J(h*). It is derived from Theorem 2 that
D; T (h*) = N [®4e () — 20h2] By, < 0. Since hy, is arbitrary for n € {0,1,2, ..., Ny}, which implies that
hy = @57@) By taking the lower and upper bounds into account, we obtain the optimal impulsive control (12).
This achieves the proof. O
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Symbol Description Value
iy Duration of a cropping season 250 days
at maximum age of coffee berry 250 days
g Production rate of new coffee berries 1200 berries.day !
I Natural mortality rate of healthy coffee berries ~ 0.002 day !
€ Colonising CBB per berry (scaling factor) 1 female.berry !
B(a) Infestation function (13): day~!
Bmin minimum infestation rate 0.004 day—!
Ba age-dependent extra infestation rate 0.036 day !
kg infestation coefficient 0.035 day !
ag infestation threshold age 90 days
o} CBB-berry interaction constant 0.7 female.berry —*
10) Emergence rate of new colonising females 2 day~!
Iy Natural mortality rate of colonising females 1/20 day—*
Lz Natural mortality rate of infesting females 1/27 day—*
£ Bio-insecticide load maximal effectiveness 0.8
k Bio-insecticide load half saturation constant 200 g.day !
o Bio-insecticide decay rate 1/50 day—*
n Bio-insecticide cost 0.002 $.g72
T Bio-insecticide application period 7 or 14 days
hmax Maximal bio-insecticide application 180 g
O(a) Coffee berry price function (14): $.berry—!
€] coffee berry asymptotic price 0.025 $.berry—*
ae berry age at half asymptotic price 120 days
m Hill constant 7 -
Cy Cost of remaining colonising females 10~* $ female ™!

Table 1: Model and control parameter values. Most parameter values are based on biological data col-
lected in the literature. See [12, 14, 15] for more details.

African Journal of Research in Computer Science and Applied Mathematics Page 12 of 12



A=A\ VWA .5

épisciences

Coarse-grained multicomputer parallel algorithm using the four-splitting
technique for the minimum cost parenthesizing problem

Jerry LACMOU ZEUTOUO"!, Vianney KENGNE TCHENDJI', Jean-Frédéric MYOUPO?

'Department of Mathematics and Computer Science, University of Dschang, Cameroon
2Computer Science Lab-MIS, University of Picardie Jules Verne, France

*E-mail : jerrylacmou@ gmail.com

DOI : 10.46298/arima.11217
Submitted on 19 avril 2023 - Published on 27 octobre 2023
Volume : 38 - Year : 2023
Special Issue : CARI 2022
Editors : Mathieu Roche, Clémentin Tayou Djamegni, Nabil Gmati, Amel Ben Abda, Marcellin Nkenlifack

Abstract

Dynamic programming is a technique widely used to solve several combinatory optimization
problems. A well-known example is the minimum cost parenthesizing problem (MPP), which
is usually used to represent a class of non-serial polyadic dynamic-programming problems. These
problems are characterized by a strong dependency between subproblems. This paper outlines
a coarse-grained multicomputer parallel solution using the four-splitting technique to solve the
MPP. It is a partitioning technique consisting of subdividing the dependency graph into subgraphs
(or blocks) of variable size and splitting large-size blocks into four subblocks to avoid communi-
cation overhead caused by a similar partitioning technique in the literature. Our solution consists
in evaluating a block by computing and communicating each subblock of this block to reduce the
latency time of processors which accounts for most of the global communication time. It requires
@ (n3 / p) execution time with O (kz\/ﬁ) communication rounds. 7 is the input data size, p is the
number of processors, and k is the number of times the size of blocks is subdivided.

Keywords
coarse-grained multicomputer ; dynamic programming ; dynamic graph ; irregular partitioning ;
four-splitting

I INTRODUCTION

Given a chain of symbols (characters, numbers, matrices, or objects), the minimum cost paren-
thesizing problem (MPP) consists in finding the parenthesizing that will minimize the cost of the
computations involved on this chain. This problem appears in the literature under several vari-
ants depending on the kind of entities in the chain to parenthesize and the treatment to perform.
The most popular variant is the matrix chain ordering problem consisting in finding the paren-
thesizing that minimizes the cost of the product of a chain of matrices [4]. Moreover, the MPP is
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typically used in the literature to represent a class of non-serial polyadic dynamic-programming
problems that can be modeled by Equation (1). Godbole [1] proposed the so-called generic
sequential algorithm to solve this problem in O (n?) time and O (n?) space.

Some research have investigated the parallelization of this sequential algorithm on different par-
allel computing models. On realistic models of parallel machines, Nishida et al. [6] presented
an efficient parallel implementation of the generic sequential algorithm on GPU architectures.
Ito and Nakano [8] accelerated this solution by partitioning the generic sequential algorithm into
many sequential kernel calls, selecting the best values for the size and the number of blocks for
each kernel call, and minimizing the memory access overhead. Shyamala et al. [11] acceler-
ated the computation time through C++ high-performance accelerated massive parallel code.
More recently, Diwan and Tembhurne [13] designed an adaptive generalized mapping method
to parallelize non-serial polyadic dynamic-programming problems that utilize GPUs, for effi-
cient mapping of subproblems onto processing threads in each phase. Biswas and Mukherjee
[14] proposed a new memory optimized technique and a versatile technique of utilizing shared
memory in blocks of threads to minimize time for accessing dimensions of matrices on GPU
architectures. On shared-memory architectures, Mabrouk [10] designed solutions based on
loop transformations. She showed that the associative expression evaluation technique with the
loop interchange transformation provides efficient parallel solutions. On distributed-memory
architectures, many researchers proposed their parallel solutions on the coarse-grained multi-
computer (CGM) model.

The CGM model introduced in [2] is the most suitable model to design parallel solutions that
are not too dependent on a specific architecture like the systolic and hypercube models. It
enables to formalize the performance of a parallel algorithm only with the input data size and
the number of processors. A CGM-based parallel algorithm consists in successively repeating a
computation round and a communication round until the problem is solved. In each computation
round, processors perform local computations on their data using the best sequential algorithm.
They exchange data through the network in each communication round. All information sent
from one processor to another is wrapped into a single long message to minimize the overall
message overhead. For designing a CGM-based parallel solution, the standard methodology
in the literature consists of subdividing the dependency graph into subgraphs (or blocks) of
same size, then fairly distributing these blocks among processors, and finally computing them
in a suitable evaluation order. Designers’ efforts tend to reduce the number of communication
rounds and the overall computation time to produce an efficient parallel solution [2].

Kengne et al. [9] showed that there is a trade-off between the minimization of the number
of communication rounds and the load-balancing of processors when the dependency graph is
partitioned into blocks of the same size :

1. when it is subdivided into small-size blocks like in [5], the load difference between pro-
cessors is small if one processor has one more block than another (however, the number
of communication round will be high);

2. when it is subdivided into large-size blocks like in [7], the number of communication
rounds of the corresponding algorithm is reduced since there are few blocks (however,
the load of processors will be unbalanced).

Lacmou and Kengne [12] tackled this trade-off by proposing the irregular partitioning tech-
nique. It consists in subdividing the dependency graph into blocks of variable size. It ensures
that the blocks of the first steps (or diagonals) are large sizes to minimize the number of commu-
nication rounds. Thereafter, it decreases these sizes along the diagonals to increase the number
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of blocks in these diagonals and enable processors to stay active longer. These blocks are fairly
distributed over processors to minimize their idle time and balance the load between them. It
requires O (n®/p) total execution time with O (l{;\/ﬁ) communication rounds, where n is the
input data size, p is the number of processors, and k is the number of times the size of blocks is
subdivided. Experimental results showed that the irregular partitioning technique significantly
reduced the total execution time compared regular partitioning techniques proposed in [5, 7, 9].

Nevertheless, this technique also induces an important latency time of processors which ac-
counts for most of the global communication time. In fact, it does not enable processors to start
evaluating small-size blocks as soon as the data they need are available; yet they are usually
available before the end of the evaluation of large-size blocks. To solve this issue, Lacmou et
al. [15] proposed the k-block splitting technique to reduce this latency time. This technique
consists in splitting the large-size blocks into a set of smaller-size blocks called k-blocks. Thus,
a single processor evaluates a block by computing and communicating each k-block contained
in this block to enable processors to start the evaluation of k-blocks as soon as possible. How-
ever, this technique induces a communication overhead when the number of fragmentations
rises. In fact, since the k-block are numerous and small when £ increases, a huge amount of
communication must be done by processors to exchange data. Experimental results showed
that this shortcoming deteriorates the performance of the CGM-based parallel solution using
this technique as the communication overhead raises the latency time of processors.

In this paper, we propose the four-splitting technique to reduce the latency time of processors
caused by the irregular partitioning technique. This technique consists in splitting the large-
size blocks into four small-size blocks (or subblocks). Hence, evaluating a block by a single
processor will consist of computing and communicating each subblock contained in this block.
The goal is the same as the k-block splitting technique, that is, enables processors to start the
evaluation of blocks as soon as possible. Our CGM-based parallel solution requires O (n?/p)
total execution time with O (kz\/]_)) communication rounds. Experimental results showed a
good agreement with theoretical predictions. Our CGM-based parallel solution using this tech-
nique were better than those using the irregular partitioning technique and the k-block splitting
technique. These results also showed that when the number of fragmentations is small, it is
preferable to use k-block splitting technique than the four-splitting technique when the data
size and the number of processors become very high.

The remainder of this paper is structured as follows. Section 2 summarizes background knowl-
edge of the MPP (the dynamic-programming formulation, the Godbole sequential algorithm,
and the dynamic graph model of Bradford [3]). Then, Section 3 presents our CGM-based par-
allel solution using the four-splitting technique. Section 4 outlines the experimental results
archived, and finally Section 5 concludes this work.

I BACKGROUND

2.1 Dynamic-programming formulation

The dynamic-programming formulation of the MPP is defined by :

Init(i) ifl <i=j<n,
Costl[i, j| = . . ‘ S : o (D

erm{Cost[z, k| 4+ Costlk + 1,7] + F(i, k,5)} ifl1<i<j<n.

1SK<)
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Algorithm 1 Godbole’s sequential algorithm

1: fori=1tondo

2: Costli,i| « Init(i);
3: ford =2tondo
4: forio=1ton—d+1do
5: jn—d+1;
6: Costli, j] < oo
7: fork =1t0)5 — 1do
8: ¢+ Costli, k] + Costlk + 1, j] + F(i, k, j);
9: if ¢ < Cost]i, j] then
Costli, j] < ¢

—_—
—_ O

Trackli, j] < k;

In Equation (1), n is the problem size. C'ost[i, j| corresponds to the value of the optimal solution
of the subproblem (i, 7). This value is obtained among the (j — ) possible combinations of the
subsubproblems on which the subproblem (7, j) depends. The value of a combination of two
subproblems (i, k) and (k + 1, j), where i < k < j, is computed by adding the values of their
optimal solutions and the cost corresponding to the combination of these subproblems given
by the function F'(i, k, j) called union function. The basic subproblems are initialized by the
function Init(i).

2.2 Godbole’s sequential algorithm

A solution based on the exhaustive search of all possible combinations will be poor because,
for a problem of size n, the number of combinations is exponential in n [4]. To solve the MPP,
Godbole [1] proposed the first polynomial-time sequential algorithm running in O (n?) time and
O (n?) space. It became the standard algorithm for solving all problems that can be formulated
by Equation (1) because the structure and the complexity of this algorithm are independent of
the functions F' and Init. Algorithm 1 draws the big picture.

Computing C'ost[1, n] involves the solution of all subproblems (i, j), such that 1 < i < j <mn.
Dependencies between these subproblems can be organized like a dependency graph (or task
graph), as shown in Figure 1(a) for a problem of size n = 4. This figure reveals, for example,
that the value of Cost[1,4] is computed from the optimal solutions of the pairs of subprob-
lems ((1,1),(2,4)), ((1,2),(3,4)), and ((1,3), (4,4)). Indeed, Algorithm 1 uses a bottom-up
approach to compute the optimal solutions of subproblems. The values of these solutions are
stored in the DP table depicted in Figure 1(b).

2.3 Dynamic graph model

Bradford [3] showed that the MPP can be solved through the shortest path algorithms on
weighted dependency graph by designing a graph model called dynamic graph for the prob-
lem that can be formulated by Equation (1). For a problem of size n, this graph is denoted by
D,,. A square matrix of size n called shortest path matrix, and denoted by S P, is used to store
in the cell SP[i, j] the shortest path from node (0, 0) to (¢, j). Bradford showed that the com-
putation of Cost|[i, j| is equivalent to search in D,, the shortest path from node (0, 0) to (i, 7).
Indeed, each path from the root to an edge node corresponds to one of the possible parenthesizes
in a dynamic graph. Thus, the shortest path corresponds to the optimal parenthesizing. Figure
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Figure 2: Dynamic graphs D4 and D) for a problem of size n = 4

2(a) shows a dynamic graph D,, for n = 4. It has the same dependency graph form representing
the dependency between subproblems depicted in Figure 1(a), with an additional node (0, 0).

Given a dynamic graph D,,, Bradford [3] proved that if the shortest path from node (0,0) to
(4,7) needs the edge from node (i, k) to (4, 7), then there exists a dual shortest path with the
same cost needing the edge from node (k + 1, j) to (7, j). This property is fundamental because
it helps to avoid redundant computations when looking for the value of the shortest path of D,,’s
vertices. Indeed, for any vertex (i, j), among all its shortest paths containing jumps, only those
that contain only horizontal jumps are evaluated. So, the input graph of our CGM-based parallel
solution is a subgraph of D,, denoted by D!, in which the set of edges from (i, k) to (7, j) and
from (k + 1, ) to (¢, 7) is removed. Figure 2(b) shows the dynamic graph D).

III OUR CGM-BASED PARALLEL SOLUTION

3.1 Dynamic graph partitioning

The irregular partitioning technique consists in subdividing the shortest path matrix into subma-
trices (blocks) of varying size to enable a maximum of processors to remain active longer. The
idea is to increase the number of blocks of diagonals whose this number is lower or equal to

African Journal of Research in Computer Science and Applied Mathematics Page 5 of 12



2 4R g% 2 [
H2Es ik

\\\?\\ i
N\
\\\?\\ i
N\
g

(@)pe{56,7,8tandk =1 (b)) pe{56,7,8}and k =2
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8}. SP is partitioned into nineteen blocks and thirty-six subblocks when & = 1, and into twenty-eight
blocks and seventy-two subblocks when k = 2

half of the first one through the block fragmentation technique. This technique aims to reduce
the block size by dividing it into four subblocks. To minimize the number of communication
rounds, it begins to subdivide the shortest path matrix with large-size blocks from the largest
diagonal (the first diagonal of blocks) to the diagonal located just before the one whose number
of blocks is half of the first one. Then, since the number of blocks per diagonal quickly becomes
smaller than the number of processors, to increase the number of blocks of these diagonals and
enable a maximum of processors to remain active, it fragments all the blocks belonging to the
next diagonal until the last one to catch up or exceed by one notch the number of blocks of
the first diagonal. It reduces the idle time of processors and promotes the load balancing. This
process is repeated & time, after which the block sizes are no longer modify, and the rest of the
partitioning becomes traditional because an excessive fragmentation would lead to a drastic rise
of the number of communication rounds. After performing k fragmentations, a block belonging
to [th level of fragmentation have been subdivided [ times, 0 < [ < k.

The four-splitting technique consists in splitting the large-size blocks into four smaller-size
blocks (or subblocks) after performing k fragmentations to reduce the latency time of proces-
sors. The subblocks of the blocks belonging to the /th level of fragmentation must have the
same size as the blocks belonging to the (I + 1)th level of fragmentation. The goal is to enable
processors to start the evaluation of blocks as soon as possible. Hence, evaluating a block by a
processor will consist of computing and communicating each subblock contained in this block.

By denoting f(p) = [v2p], 0(n,p) = [n/f(p)], and O(n,p,1) = [0(n,p)/2"], formally, we
subdivide the shortest path matrix S P into blocks (denoted by SM (4, j)), and split the large-size
blocks into four subblocks. Thus, a block SM (i, j) belonging to the [th level of fragmentation,
such that [ < k, is a f(n,p,l) x 6(n,p,l) matrix and is subdivided into four subblocks of size
O(n,p,l + 1) x O(n,p,l + 1). The blocks of the kth level of fragmentation are not splitting
into four as these are the smallest blocks. Figures 3(a) and 3(b) depict two scenarios of this
partitioning for n = 32, k € {1,2}, and p € {5, 6, 7, 8}. The number in each block represents
the diagonal in which it belongs.
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3.2 Blocks’ dependency and mapping onto processors

Figure 4(a) illustrates an example of dependencies of two blocks SM (i, j) and SM (h,l). The
most shaded blocks are required to evaluate them. It can be noticed that the evaluation of short-
est paths for blocks of the same diagonal can be carried out in parallel. Indeed, the dependency
relationship between blocks proved that those on the same diagonal are independent [12, 15].

We use a snake-like mapping scheme [7] to enable some processors to evaluate at most one
block more than the others. This scheme consists of assigning all blocks of a given diagonal
from the leftmost upper corner to the rightmost lower corner. We reiterate this process until all
processors are used, starting with processor 0 and traveling through the blocks with a "snake-
like" path. Figure 4(b) depicts a mapping scheme on six processors. This mapping enables
processors to remain active as soon as possible. It also ensures the load balancing because it
equally distributes small and large size blocks among processors. However, it does not optimize
communications.

3.3 Our CGM-based parallel algorithm

Our CGM-based parallel algorithm based on the four-splitting technique to solve the MPP is
given by Algorithm 2. This algorithm is a succession of f(p) + k x ([f(p)/2] + 1) similar
steps in which the blocks are evaluated in a progressive fashion as in [5, 7]. Thus, evaluating
the shortest path cost of nodes of a block belonging to the diagonal d starts at the diagonal
[d/2]. After computing each subblock containing in a block, it is immediately communicated
to processors that need these subblocks for updating or for finalizing the computations of values
n next steps.

Theorem 1:
Our CGM-based parallel solution based on the four-splitting technique to solve the MPP runs
in O (n?/p) execution time with O (k,/p) communication rounds in the worst case.

Proof. Let S = f(p) = [/2p] and 5 = (S mod 2). A processor computes and communicates:

* three subblocks at the first diagonal of blocks;
* four subblocks from the diagonal of blocks 2 to |.S/2| — 1;

African Journal of Research in Computer Science and Applied Mathematics Page 7 of 12



Algorithm 2 Our CGM-based parallel algorithm based on the four-splitting technique

1o d < f(p) + k< ([f(p)/2] +1);

2: for u=1tod do

3: for each subblock p belonging in the block SM (i, j) do

4: Finalization of the evaluation of the block SM (3, j) of diagonal u : compute the
shortest path costs to nodes of the subblock p;

5: Communication of the subblock p to the processors that detain upper blocks and
right blocks;

6: for each p' € SM (7', j') of diagonals (v + 1,..., min{2 x (u — 1),d}) do

7: Update the shortest path costs to nodes of the subblock p';

* four subblocks for each ([S/2] + 1) diagonals of blocks belonging to the Ith level of
fragmentation such that 1 <[ < k;

* one subblock for each (S + /3) diagonals of blocks belonging to the kth level of fragmen-
tation.

During the computation rounds, evaluating each subblock of a block belonging to the /th level
n3
B x (2p)572
evaluation of each diagonal of blocks required :

p=sxo(gs)+1([3) 1) o (57) +1([3] +1)
o (wigm) 4 ([5] +1) <o (w) + 4 ([3]+1)
O(8fv’({p)f) ([3]+1) o (wtms) * 020 (5 5)

E:3+4(EJ —1>+4(k;—1)<gw +1>+S+6=0(k\/ﬁ)

Therefore, this algorithm requires O (n?/p) execution time with O (k\/]_v) communication rounds.
O

of fragmentation requires O ( ) =0 < St \[> local computation time. So, the

IV EXPERIMENTAL RESULTS

4.1 Experimental setups

We compare our new CGM-based parallel solution denoted by 4s with our previous best solu-
tion [15] denoted by kbyk. They have been implemented in C' and executed on the operating
system CentOS Linux release 7.6.1810. We used the cluster dolphin of the MatriCS platform of
the University of Picardie Jules Verne?. Each compute node is made of two Intel Xeon Proces-
sor E5-2680 V4 (35M Cache, 2.40 GHz), and each of them consists of 14 cores. This cluster

'The source codes are available : https://github.com/compiii/CGM-Sol-for-MPP.
https://www.matrics.u-picardie.fr
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consists of 60 compute nodes interconnected with OmniPath links providing 100Gbps through-
put, and divided into 48 thin nodes with 48 x 128GB of RAM and 12 thick nodes with 12 x
512GB of RAM. These algorithms have been executed on five thin nodes. The MPI library
(OpenMPI version 1.10.4) has been used for inter-processor communication. We present the
results following the different values of the triplet (n, p, k). n is the data size, with values in the
set {4096, ...,40960}. p is the number of processors, with values in the set {32, 64, 96, 128}.
k is the number of fragmentations of blocks performed, with values in the set {0, 1, 2, 3, 4}.
When k£ = 0, our solution is reduced to the one in [7]. kbyk and 4s are similar when k = 1.

4.2 Evolution of the global communication time

Figures 5(a) and 5(b) compare the global communication time of kbyk and 4s while solving the
MPP by performing one and two fragmentations. Figure 5(a) shows that from n = 4096 to
24576, the global communication time of kbyk and 4s is better when performing one fragmen-
tation than when performing two. Indeed, while solving the MPP, the evaluation of the small
subblocks requires less time than the large ones; and thus requires less latency time of proces-
sors. Therefore, decreasing the size of these subblocks by performing more fragmentations will
lead to increase the global communication time and minimize the overall computation time.
This will lead to a better total execution time when performing more than one fragmentation.
For example, on thirty-two processors when n = 24576 in Figure 6(a), the total execution time
is made up of 34.39% of computation time and 65.61% of communication time when £ = 1,
and 15.30% of computation time and 84.70% of communication time when k£ = 2. Now when
comparing the global communication time of kbyk and 4s, it can be noticed that 4s is better than
kbyk. Indeed, it is necessary to split the blocks into at most four subblocks because their sizes
are not large enough. Excessive communications degrading the global communication time can
be achieved when there are more subblocks than necessary. Figure 5(a) also shows that from
n = 28800, the global communication time of kbyk when k = 2 is better than that of 4s when
k =1 and k = 2. Indeed, large subblocks require more time to be evaluated; and thus, require
more than one fragmentation to minimize the latency time of processors (this observation is
not true in all cases because, for example on sixty-four processors in Figure 5(b), the global
communication time of kbyk and 4s when k£ = 1 is smaller than when £ = 2). In addition,
it is necessary to split large-size blocks into more than four subblocks to enable processors to
start or continue evaluating their blocks as soon as possible. For example on thirty-two proces-
sors when n = 40960, kbyk decreases the global communication time on average by 56.97%
and 4s decreases it on average by 49.96% when k£ = 2. However, Figure 6(a) shows that 4s
decreases the global communication time on average by 59.87% when k = 3. This is due to
the fact that blocks belonging to the last level of fragmentation are quite large and require an
additional fragmentation when k = 2. In contrast, Figures 6(d), 6(e), and 6(f) show that from
sixty-four to one hundred and twenty-eight processors, the global communication time of kbyk
when & = 2 is better than that of 45 when k£ = 3. This is because increasing the number of
processors results in decreasing the size of blocks (as well as subblocks); therefore, applying a
third fragmentation results in minimizing the global communication time, which is not enough
to be better than kbyk when k£ = 2. Nevertheless, it would have been wise to split blocks into
more than four subblocks when k = 3 to decrease the latency time as much as possible.

Figures 6(a) and 6(b) show that in general the global communication time and the overall com-
putation time of 4s gradually decrease while solving the MPP by performing four fragmenta-
tions successively. Nevertheless, Figures 6(a) and 6(b) show that the global communication time
of 4s degrades from the fourth fragmentation because on thirty-two processors when n = 40960,
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it decreases in average by 48.17% when k£ = 1, in average by 49.96% when k = 2, in average
by 59.87% when k = 3, and in average by 56.12% when k = 4. This is due to the fact that
from a certain number of fragmentation, the small subblocks which are close to the optimal
solution (and thus require a high evaluation time using Godbole’s sequential algorithm) do not
need to be fragmented any more because they can lead to excessive communications; and thus
the latency time of processors will be increased instead of being reduced.

4.3 Evolution of the total execution time

Figures 6(a), 6(b), 6(c), 6(d), 6(e), and 6(f) show the total execution time of kbyk and 4s while
solving the MPP by performing one, two, three, and four fragmentations. The global communi-
cation time has a huge impact on the total execution time. The results are obvious while solving
the MPP:

e from n = 4096 to 24576 on thirty-two processors, the total execution time of 4s is better
than kbyk when performing two fragmentations;
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* from n = 28800 on thirty-two processors, the total execution time of kbyk is better than
that of 4s when performing two fragmentations;

e from n = 4096 to 40960 on thirty-two processors, the total execution time of 4s when
performing three fragmentations is better than that of kbyk when performing two frag-
mentations;

* when n = 36864 and n = 40960 on sixty-four to one hundred and twenty-eight proces-
sors, the total execution time of kbyk when performing two fragmentations is better than
4s when performing three fragmentations;

e from n = 4096 to 40960 on thirty-two to one hundred and twenty-eight processors, the
total execution time of 4s degrades from the fourth fragmentation.

In a nutshell, there is no better choice between kbyk and 4s to solve the MPP because in some
conditions 4s is better than kbyk and in other conditions it is the opposite. However, we rec-
ommend to use 4s to solve this problem since compared to kbyk, 4s minimizes communication
between processors and its performance does not abruptly degrade when the number of frag-
mentations increases.

V  CONCLUSION AND FUTURE RESEARCH DIRECTIONS

In this paper, we presented a CGM-based parallel solution for solving the minimum cost paren-
thesizing problem using the four-splitting technique. This technique avoids communication
overhead while reducing the latency time of processors by splitting the large-size blocks into
four small-size blocks (or subblocks) after performing % fragmentations. It requires O (n3/p)
total execution time with O (k\/]_o) communication rounds, where 7 is the input data size and p
is the number of processors. The experimental results archived showed a good agreement with
our theoretical predictions. It would be interesting to propose CGM-based parallel solutions us-
ing this four-splitting technique to solve other non-serial polyadic dynamic-programming prob-
lems such as the context-free grammar parsing problem and the Nussinov RNA folding prob-
lem. To our knowledge, there is no CGM-based parallel solutions that solve these problems. It
would be also interesting to apply our partitioning technique on shared-memory architectures
and GPU architectures.
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